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FOUR IMPORTANT FACTORS IN THE AB ZNZTZO 
DETERMINATION OF ACCURATE INTER-IONIC 

POTENTIALS 

N.C.  P Y P E R  

University Chemical Laboratory, Lensfield Road, Cambridge, CB2 1E W ,  U.K .  

(Received September 1989, accepted September 1989) 

The accurate ab initzo determination of inter-ionic potentials requires the consideration of four important 
factors. These are relativistic effects for ions of high atomic number, the environmentally induced modifica- 
tions of ion wavefunctions, the damping of reliably calculated inter-ionic dispersive attractions and the 
avoidance of density functional descriptions of the uncorrelated potentials. 

The relativistic modifications of the behaviour of valence electrons in elements heavier than those of the 
third series of transition elements are too large to be treated by first order perturbation theory. The 
relativistic integrals programme (RIP), which works directly with the Dirac equation and four component 
wavefunctions for the individual electrons, is used to compute fully relativistic inter-ionic potentials. 

The mechanisms through which ion wavefunctions are modified by their environment in the crystal are 
discussed. A simple yet physically realistic model for computing such wavefunctions is presented. The 
contractions of anion wave functions caused by their environment in the crystal are shown to be sufficiently 
significant that the use of free ion wavefunctions is inadequate for accurate work. The crystalline environ- 
ment leaves unaffected the wavefunctions and polarizabilities of cations having s2 or p6 outermost electronic 
configurations. 

The inter-ionic dispersive (van der Waals) attractions are shown to contribute significantly to the crystal 
cohesion. The overlap of the ion wavefunctions damps these attractions sufficiently that predictions derived 
neglecting this damping are unreliable. A trustworthy method for deriving values of dipole-dipole disper- 
sion coefficients for ions in crystals is presented. 

Density functional predictions of inter-ionic potentials are tested against the RIP programme which 
yields results that are exact once the ion wavefunctions have been specified. Density functional theory must 
be judged to fail for many cation-cation and anion-anion interactions because its predictions bear little 
relation to those derived from RIP calculations. Although density functional theory gives a fair account 
of the cohesion of many crystals. the use of RIP rather than density functional potentials significantly 
improves the predictions. Density functional theory fails for AgF. 

KEY WORDS: Ab initio. inter-ionic potentials, relativistic effects, relativistic integrals programme. dis- 
persion energy, density functional theory. 

0. MOTIVATION AND THEORETICAL BACKGROUND 

0.1 Introduction 

In the proceedings of a conference whose title is ‘The Practical computation of 
inter-ionic potentials’, it is hardly necessary to start with a long review justifying the 
need to compute such potentials. This has not only been done previously [l-41 but also 
such justifications can be found in the introduction to a review [5]  of the ab initio 
computation of potentials that is in the last stages of completion. The object of this 
talk is not to present a thorough review of the computation of potentials because this 
can be found in [5] but rather to highlight four important features that need to be 
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24 N. C .  PYPER 

considered when undertaking such calculations. The first of these is the role of 
relativity in modifying the behaviour of the electrons in ions of high atomic number 
thereby affecting the inter-ionic potentials. The second is the role that the environ- 
ment of an ion in an ionic crystal plays in modifying the wavefunction of that ion 
when compared with that of the isolated ion. Any such modifications will naturally 
be reflected in the inter-ionic potentials. The third is the importance of introducing a 
reliably calculated dispersion energy which includes its damping [6,7] that arises when 
the overlap of the wavefunctions of the interacting ions is not negligible. The fourth 
is desirability of avoiding the use of density functional theory [8,9] to calculate the 
uncorrelated short range potentials. These four features are discussed in the sections 
I to 4 respectively. The remainder of this preliminary section (zero) merely presents 
the definitions and basic theory to be used. 

The four features forming the subject matter of this talk can be illustrated without 
considering systems more complicated than perfect cubic crystals of stoichiometry 
CA, containing only one type of cation, denoted C, and one kind of anion ( A  ) both 
of which have spherically symmetric charge distributions. Furthermore it will be 
assumed that the crystal is fully ionic so that each ion carries a charge that is an 
integral multiple of the charge on an electron and that the anion in the free gaseous 
state is stable with respect to the loss of an electron. The last requirement excludes the 
doubly charged oxide and chalcogenide ions because in the isolated state each of these 
is unstable with respect to the singly charged ion and a free electron [lo]. 

Currently there seem to be two fundamentally different approaches for investigat- 
ing ah initio the properties of ionic crystals. In the first of these, it is assumed that the 
total electronic wavefunction of the crystal can be written as an anti-symmetrized 
product of the wavefunctions of the individual ions thereby enabling the cohesive 
energy to be expressed as the sum of pairwise additive inter-ionic potentials augment- 
ed by higher order multi-body terms [4,1 I]. In the second, Hartree-Fock theory with 
periodic boundary conditions is used to compute an electronic wavefunction for an 
entire unit cell [12-141. This second approach is more general than the first in that it 
is not assumed that the crystal is ionic so that it can be applied even to essentially 
covalent materials such as diamond [ 15,161 and boron nitride [ 17,181. However an 
inevitable consequence of the generality of this method is that one loses the ability to 
decompose the cohesive energy into a sum of potentials augmented by smaller 
multi-body corrections that is such a valuable feature of the first approach. Indeed if 
the degree of covalency is significant, it would clearly be impossible to extract from 
such computations the inter-ionic potentials that are the subject of this article. It is 
beyond the scope of this talk to debate the relative merits of the two approaches. In 
this article, the first approach will be used. This choice was made for two reasons. 
Firstly it is the quantum mechanical formulation of the fully ionic model for a crystal 
and, secondly, only in this approach is it currently possible to perform the fully 
relativistic calculations based on the Dirac equation which are necessary when dealing 
with systems containing ions of high atomic numbers. Even if the second approach 
were to be used, it would still be necessary to consider the four factors with which this 
talk is concerned. 

0.2 Physical Model For The Crystal Formation 

The basic physical model for the CA,, crystal is that it is composed of cations and 
anions whose electronic charge distributions are optimal for the crystal geometry 
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INTER-IONIC POTENTIALS 25 

considered subject to the proviso that each ion is spherically symmetric and contains 
a fixed integral number of electrons. For a uniform expansion or contraction of a 
cubic crystal from the equilibrium positions of the nuclei of the ions, the geometry is 
completely defined by the closest cation-anion separation denoted R. The value of R 
at the equilibrium positions of the nuclei is denoted R,. For any given value of R the 
crystal can be regarded as having been assembled from free isolated ions in two stages. 

In the first stage, each of the isolated ions is modified to a non-stationary state 
which is optimal for the crystalline environment in the sense that the total energy of 
the crystal is minimised when, in the second stage, the modified ions are assembled 
to form the crystal. At the end of the first stage, all the ions from which the crystal 
is assembled are still isolated from each other and thus still non-interacting. For each 
ion X ,  where Xi s  either a cation C or an anion A ,  the energy (Ex(R)) of the ion in 
the isolated non-stationary state is less negative than the energy ( E x )  of an isolated 
ion Xin its electronic ground state. The positive energy needed to convert the isolated 
ion X in its electronic ground state to the state optimal for the crystal having closest 
cation-anion separation R will be called the rearrangement energy of ion X and 
denoted Eie(R) .  This is given by 

E i m  = Ex(R)  - Ex (1) 
The energy (Ex) of the free ion X is not only the eigenvalue resulting when the 
Hamiltonian of the free ion acts on the ground state wavefunction but is also the 
expectation value of this wavefunction calculated using the same free ion Hamil- 
tonian. The wavefunction for the ion in the non-stationary state optimal for the 
crystal is not an eigenfunction of the free ion Hamiltonian, the state being non- 
stationary, so that the meaning of the energy Ex(R)  is that it is the expectation value 
of the free ion Hamiltonian calculated using the wavefunction of the ion X in its state 
optimal for the crystal. In physical terms, Ex(R)  is the energy of an isolated X ion 
having, not the ground state wavefunction, but the non-stationary wavefunction 
optimal for the crystalline environment arising in the second stage. The total rear- 
rangement energy, denoted E,&(R), per formula unit of a crystal CA, is therefore 
given by 

E,L(R) = ERc,(R) + m E A ( R )  ( 2 )  

It is not useful to think of the electronic structures of the ions in their states optimal 
for the crystal as having different electronic configurations from those of the free ions 
because the ion wavefunctions optimal for the crystal usually only differ from their 
free ion counterparts by an expansion or contraction in space of the electron density 
distribution. The mathematical formulation of the calculation of the crystal cohesive 
energy presented in the next subsection shows that this is indeed the case. A schematic 
energy level diagram showing how the ion rearrangement energies act to reduce the 
total cohesive energy of the crystal is presented in Figure 1. 

In the second of the two stages in which the crystal is regarded as being assembled, 
the isolated gaseous ions in their non-stationary states are assembled to form the 
crystal having geometry specified by the closest cation-anion separation R. Per 
formula unit CA, the total energy, denoted ECA (R), of this crystal, is equal to the 
sum of the purely electronic part plus that arising &om all the inter-nuclear repulsions. 
Hence the binding energy (VJR) )  of this crystal relative to the sum of the energies of 
one cation plus m anions each in the isolated but non-stationary states generated by 
the first stage is given by 
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26 N. C .  PYPER 

ENERGY 
STAGE 1 
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CATION .ANION SEPARATION R 

Figure 1 Energy Level Diagram for the formation of the crystal from its constitutent ions. 

The quantity V J R )  is negative if energy is released in the second stage as is the case 
except for values of R very much smaller than the equilibrium value Re. For all but 
very small R ,  the electrostatic interactions between the ions are the largest contribu- 
tors to V,(R) although shorter range repulsive forces originating from the overlap of 
the ion wavefunctions are far from negligible. 

The binding energy ( U , ( R ) )  of the crystal measured relative to the sum of the 
energies of one cation and m anions all in their electronic ground states is the sum of 
the energy changes occurring in the first and second stages and is therefore given by 

The quantity U,(R) is negative if the crystal having closest cation-anion separation 
R is bound relative to the free ions in their electronic ground states. Figure 1 illustrates 
how for a bound crystal (C;(R)  c: 0) ,  the energy (- VL(R))  released on forming the 
crystal from the ions in their non-stationary states is partially counteracted by the 
rearrangement energy (EL,(R))  to yield a binding energy smaller in magnitude than 
V,(R). As discussed in section 0.4, the physical model just described for the formation 
of the crystal does not implicitly neglect the effects of electron correlation. 
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INTER-IONIC POTENTIALS 27 

0.3 Mathematical Formulation Excluding Electron Correlation 

The precise mathematical meaning of the assumption that the crystal is fully ionic will 
be taken to be that the wavefunction for all the electrons in the crystal is able to be 
factorized into an anti-symmetrized product of wavefunctions for the individual ions. 
If electron correlation, discussed in the next subsection, is neglected, each of the 
individual ion wavefunctions reduces to a single anti-symmetrized product of one- 
electron orbitals. Although these orbitals could be taken to be those of the free 
isolated ions, the crystalline environment will cause those orbitals best describing the 
solid having geometry defined by R to differ from those of the free ions. Whatever the 
exact form of the individual one-electron orbitals, the total energy E,.,(R) of the 
crystal containing N,,, ions can be expressed exactly as a sum of 1-body, 2-body up 
to N,,, -body terms [ I l l .  Thus 

Here the label a distinguishes between the different ions rather than between the 
different types of ion. Thus, for example, an NaCl crystal contains many different 
Na+ ions distinguished by different labels a with the label C introduced in the last 
subsection denoting the type of ion, namely a cation. For a crystal containing one 
mole of the formula unit CA,, E,,(R) becomes identical to the energy EcA,(R) 
introduced in the last subsection provided that the latter energy is expressed as an 
energy per mole. 

For a crystal containing one mole of the formula unit CA,, the first summation in 
( 5 )  reduces to 

N m  

1 EAR) = EC(W + m EA(R) ( 6 )  
u= I 

where the energies &(R) and EA(R) introduced in the last subsection are expressed 
as energies per mole. The expression (6) describes a 1-body contribution to the energy 
because, each term containing only the wavefunction of a single ion, does not involve 
any interactions between the ions given that these are in the appropriate non-station- 
ary states. This terminology differs from that of Muhlhausen and Gordon [I91 who 
designated any modification of the ion wavefunctions from those of the free ion 
ground states to be a many-body effect. These authors would therefore say that (6) 
contains many-body contributions unless this is evaluated using the ground state 
wavefunctions of the free ions. However, although it is true that such wavefunction 
modifications are caused by those portions of the potential acting on an electron on 
one ion which originate from a large number of neighbouring ions, the expression 
E,(R), containing only the wavefunction of a single ion, is not a many-body energy 
in the sense of involving either the wavefunctions of several ions or Hamiltonian terms 
originating from other ions in the crystal. Thus the Hamiltonian, whose expectation 
value is the energy E,(R), contains only those terms entering the Hamiltonian of the 
free ion a. The terminology of [19] will not therefore be used even though it is a valid 
alternative definition of the term 'many-body'. 

The double and higher order summations in ( 5 )  constitute the contribution to 
E,.,(R) which arises from the interactions between the ions having the non-stationary 
wavefunctions optimal for the crystal with geometry defined by R. The quantity x,h 
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28 N .  C .  PYPER 

is a purely geometrical constant which relates the distance (xabR)  between the two ions 
a and b to the closest cation-anion separation R .  For one mole of formula unit CA, 
the sum of the double and higher order summations in (5) therefore reduces to the 
quantity V J R )  provided that this is expressed as an energy per mole. Denoting this 
quantity VL(R), the superscript 0 denoting that V,(R) is evaluated with the neglect 
of electron correlation, one has [ 1 I ]  

This demonstration that the crystal energy is the sum of the two contributions (6) and 
(7) provides the mathematical justification for the physical model of the crystal 
formation which was described in the last subsection. 

The quantity Vjj,(x,,R) is just the energy of interaction of the pair of ions a and b 
separated by a distance xuh R and having the non-stationary wavefunctions optimal 
for the crystal geometry defined by R .  Since this interaction energy depends solely on 
the pair of ions a and b and their separation s,,, R and moreover is entirely indepen- 
dent of the remainder of the crystal after specifying the orbitals used to construct the 
ion wavefunctions, V$(x,,,R) is a 2-body energy. In atomic units (a.u.) the total 
charge, denoted qo,  carried by ion a is given by the difference Z,,-N, where Z ,  and N, 
are respectively the nuclear charge and number of electrons on ion a. It is convenient 
to decompose Vjjb(~~,bR) into the point coulombic value qoqh/ (x ,bR)  a.u. it would have 
if the overlap between the spherical ion wavefunctions was negligible plus a remainder 
V ~ , , ( X , ~ R )  which arises entirely from ion wavefunction overlap. The overlap has two 
consequences. Firstly it causes the total kinetic energy of the electrons in the inter- 
acting pair to be greater than that in the non-interacting pair of ions each in its 
non-stationary state optimal for the crystal. Secondly overlap causes the total electro- 
static interaction between the two ions to differ from the point coulombic value 
quqb/(?l,bR). This total electrostatic interaction includes the contribution that orig- 
inates from the exchange of electrons between the ions. Hence one defines 

V:b ( . L h  R ) = v<,, (,% R 1 + q u  q h  /(xa* R 1 (8) 
The separation (8) is useful because the point coulomb terms which are thus seen to 
enter (5) and (7) decrease only very slowly with increasing x , ~ R  and constitute a 
Madelung sum. The remaining terms V ~ u h ( ~ q , , R )  decrease rapidly with increasing xab R 
and are therefore designated short-range potentials as indicated by the subscript s. It 
is therefore only necessary to consider a few near neighbour short-range terms whilst 
the Madelung sum is standard. If only the nearest cation-anion, cation-cation and 
anion-anion short range interactions are retained and the triple and higher order 
summations in (7) are neglected, it immediately follows that 

VOLW) = - M / R  + nc4 VPCA(R) + ( 1 / 2 ) { k  V,Oc(-kcR) + m n A A  V,O,,(xO,,R)) 

(9) 
Here M is the Madelung constant and n x y  is the number of nearest neighbour ions of 
type Y around each ion of type X whilst the labels CA, CC and A A  denote one closest 
cation-anion, one closest cation-cation and one closest anion-anion pair respectively. 
The summations in (7) that are neglected in the derivation of (9) are 3-body and higher 
order multi-body contributions to the energy. Our current knowledge of these is 
reviewed elsewhere [ 5 ] .  
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INTER-IONIC POTENTIALS 29 

In the approximation that V,(R) is given by (9), the total crystal energy (5) per mole 
of formula unit CA, is given by adding to V j ( R )  the 1-body energy (6),  so that 

The binding energy of the crystal measured relative to the energies of the free ions in 
their ground states is derived by subtracting from (10) the sum Ec + mE, of these 
ground state energies. Hence in the approximation in which electron correlation is 
neglected this binding energy, denoted Uj(R) ,  is seen after invoking the definitions (1) 
and (2) to be given by 

with V:(R) taking the explicit form (9). The expression (1 1) differs from the result (4) 
presented in the last section on the basis of physical arguments solely by using the 
approximation in which electron correlation is neglected. 

0.4 Electron Correlation Efects 

0 .4( i )  Overview 
For ionic crystals, electron correlation can be defined as those tendencies of electrons 
to avoid each other that are neglected when the crystal wavefunction is written as a 
single anti-symmetrized product of ion wavefunctions each of which is further ap- 
proximated as a single anti-symmetrized product of orthonormal orbitals. One can 
distinguish two different types of correlation, namely intra-ionic electron correlation 
and inter-ionic electron correlation. The intra-ionic electron correlation is the correla- 
tion between electrons all of which belong to the same ion whilst the inter-ionic 
electron correlation is that involving electrons some of which are on different ions. 

0.4(ii)  Intra-ionic electron correlation 
Intra-ionic electron correlation can be accounted for by removing the approximation 
of writing each of the individual ion wavefunctions as a single anti-symmetrized 
product. Such correlation could, in principle, contribute to the cohesive energy in two 
different ways. The first is by modifying the rearrangement energies Eie (R)  and the 
second is by changing the energy (- V,(R)) which is released when the crystal having 
closest cation-anion separation R is assembled from the ions in their isolated but 
non-stationary states. 

For cations, the rearrangement energies E i e ( R )  are found to be extremely small [4], 
being less than 0.02 kJ mole-' for Li+ , N a '  and Mg++ when computed neglecting 
electron correlation and using the best of the models for the crystalline environment 
described in section 2. Furthermore, for Ag+ and Pb++ the largest rearrangement 
energies thus computed [4] were 2.1 kJ mole-' for AgF at  R = 3.5 a.u. and 3.3 kJ 
mole-' for PbF, at R = 4.0 a.u.. The rearrangement energies computed [4] for the F- 
and CI- ions are significantly larger than those of the cations, lying in the range 41 kJ 
mole-' to 133 kJ mole-' for the smallest values of R considered (see Appendix 5 of 
[4]). However for values of R in the vicinity of the equilibrium value (I??), these halide 
ion rearrangement energies are much smaller lying in the range 9 kJ mole-' to 15 kJ 
mole-' although they are still significantly larger than the cation rearrangement 
energies [4]. However the rearrangement energies of both cations and halide ions are 
sufficiently small that the contributions from electron correlation are probably of only 
marginal significance since these can be expected to amount to no more than some 
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30 N .  C. PYPER 

10%-15% of the rearrangement energies. In view of this prediction, the correlation 
contributions to the rearrangement energies of these ions will henceforth be neglected 
because no quantitive studies of these correlation energies have so far been reported. 
For the oxide ion, the correlation contribution to the rearrangement energy cannot 
be neglected as discussed elsewhere [4,5,19]. 

The second way in which intra-ionic electron correlation can, in principle, influence 
the properties of an ionic crystal is by modifying the energy V,(R). This correlation 
will affect the size of the ions even if this effect is small, thereby providing at least one 
mechanism for this modification. The influence of such correlation on V,(R) has not 
yet been investigated quantatively because, for ionic crystals, ab-initio computations 
are at a sufficiently early stage of development that, even with the intra-ionic correla- 
tion neglected, it has only recently become possible to carry out such calculations 
reliably. The ab-initio calculations neglecting the intra-ionic correlation have achieved 
a considerable degree of success. The possible modifications of V,(R) by intra-ionic 
electron correlation will be neglected because such effects can be expected to alter the 
predicted crystal properties only slightly. 

O.l(iii) Inter-ionic electron correlation 
The inter-ionic electron correlation arises from the correlation of the motions of 
groups of electrons not all of which belong to the same ion. Discussion of such 
correlation is best started by considering just the interaction between a single pair of 
ions a and b embedded in the crystal. In the absence of inter-ionic electron correlation, 
the wavefunction for this pair of ions is given by a single anti-symmetrized product 
of the wavefunctions of the individual ions. The energy originating from inter-ionic 
electron correlation is obtained by using perturbation theory to derive a more ac- 
curate wavefunction for this pair of ions using the method presented in [20] which is 
outlined in section 3. This procedure shows that the interaction energy Vub(xubR) 
between the pairs of ions a and b separated by the distance xuhR is given by 

Here V:(,(-Y,hR) is the interaction energy (8) that is calculated neglecting the inter-ionic 
electron correlation whilst the two remaining terms arise from this correlation. The 
quantity V:;Uhr'(x,,,,R) is the sum of three terms which were described as a pair of 
coupled exchange polarization terms and an exchange-exchange interaction [20]. 
Each of these three terms arises from the exchange of electrons between the ions and 
is therefore only non-zero if the overlaps between the wavefunctions of the pairs of 
ions do not vanish. Since these overlaps decay approximately exponentially with 
increasing xUh R, the energy V:,:f(xahR) decays exponentially also and vanishes for 
values of x,,,R that are sufficiently large that the overlap of the ion wavefunctions has 
become negligible. Hence V>':;(X,,~R) is a short range term as designated by the 
subscript s. Since this is the only property of V:,~(x, , ,R)  required here, it is not 
necessary to present it in detail. In contrast to the short range interaction V ~ ~ , ( x o b R ) ,  
the last energy in (12) V$D(.~(,bR) is of long range in that it does not vanish when the 
overlaps between the wavefunctions of the ions become negligible. This term, which 
is still valid even when these overlaps are non-zero, constitutes the dispersive or Van 
der Waals (London) attraction between the two ions. This term is discussed more fully 
in section 3. 

After neglecting 3-body and higher order multi-body terms, the total inter-ionic 
electron correlation energy of a crystal is given by summing the last two terms of (12) 
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INTER-IONIC POTENTIALS 31 

over all pairs of ions in the crystal. Since it is the non-vanishing of the overlap of the 
ion wavefunctions which causes the short range correlation terms V ; 2 ( x a b R )  to be 
non-zero, these will be negligible for CA, crystals except within the closest cation- 
anion, anion-anion and cation-cation pairs. It is therefore useful to regard these 
terms as corrections to the uncorrelated short range potentials V~',(x,,R) and to 
define total short range potentials by 

The binding energy U,(R) of the crystal relative to that of its constituent ions in their 
isolated ground electronic states is given by adding the contribution from inter-ionic 
electron correlation to the expression ( 1  1) for U;(R) .  The result is 

U'(R) = - M / R  + HCA VsrCA(R) + (1/2){ncc V , T , , ( X C C R )  + m n A A  ~L4(x,4.4 R ) }  

+ G m  + m Ei , (R)  + ud,(R) (14) 
where U,,,(R) is the total contribution from dispersion that results from summing the 
terms V:~I ' (X~ ,~R)  over all pairs ofions. The result (14) differs from that U:(R)  derived 
neglecting inter-ionic electron correlation solely in the use of short-range interactions 
containing a correlation correction and in the additional appearance of the dispersion 
energy. 

0.5 Techniques Of Calculation 

If electron correlation is neglected, the predicted properties of the crystal are deter- 
mined by the function U:(R)  (1 1) which is the sum of the rearrangement energy (2) 
and the binding energy V : ( R )  (9) measured relative to that of the non-interacting ions 
in the non-stationary states optimal for the crystalline environment. This form for 
V:(R) is used for all the calculations described here unless stated explicitly to the 
contrary. 

Calculation through (1) of the rearrangement energy of each ion X requires know- 
ledge of both the energy ( E x )  of the free ion X in its ground electronic state and that 
(E,(R)) of the isolated ion in its non-stationary state. The energy ( E x )  can be obtained 
directly from a standard run of the Oxford atomic Dirac-Fock programme [21] which 
is used to compute the relativistic wavefunctions for the individual ions. The 
wavefunctions for the ions in the non-stationary states can be generated by using a 
version of this programme modified by incorporating a potential describing the 
influence of the crystalline environment on an electron belonging to ion X .  Models for 
representing this potential are presented in section 2. The energy E x ( R )  can then be 
computed as the expectation value over the free ion Hamiltonian by using the atomic 
energy analysis programme. This programme is one of those belonging to the suite of 
programmes used to enhance the usefulness of the Oxford Dirac-Fock programme. 

The binding energy V ; ( R )  measured relative to the sum of the energies E x ( R )  is 
readily calculated from (9) provided that each of the short range energies V~x, (x , ,R)  
has been derived from (8) by subtracting the point coulomb term q x q r / ( x x v R )  from 
the interaction energy V;, (xx ,R)  of the pair of ions X and Y. These interaction 
energies were computed using the Relativistic Integrals Programme (RIP) [22-241 
which yields a result that is exact once the wavefunctions for the individual ions have 
been computed. This programme, described in detail in section 1.4, takes full account 
of relativistic effects. These are important for ions of high atomic number. 

MSlM -B 
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The short range correlation potential V,";(x,,.R) is a sum of the three terms, 
mentioned above, for which definitive quantum mechanical expressions have been 
presented [20]. Although each of the three terms could, in principle, be evaluated 
numerically from these expressions, it can be expected that such computations would, 
in practice, be highly cumbersome. Indeed the present author is not aware that such 
computations have been carried out for any pair of atomic species. Such calculations 
of V,??;(xXYR) have certainly not yet been carried out for any pair of ions in an ionic 
crystal. The only method which has been used so far to calculate the short range 
correlation potential between two ions in an ionic crystal is that based on the density 
functional theory of a uniform electron-gas. The implementation of this method 
presented originally by Gordon and Kim [8] was used in all the calculations to be 
described here. There is evidence reviewed in [5] that such calculations yield only the 
short range parts V ; ; ; ( S ~ ~ R )  of the correlation energy whilst excluding the dispersion 
terms V:p(x,, R ) .  The crystal dispersion energy U,,,(R) was therefore computed 
separately using the methods described in section 3. Although the electron-gas meth- 
od of calculating the short range correlation energy is approximate, the correlation 
corrections V , ! ; ; ( S , ~ ~ R )  usually only constitute some 10% of the total short range term 
V ~ , . ( x x l . R ) .  Thus the errors in these corrections are sufficiently small that they do not 
affect the conclusions to be drawn from the calculations presented in this talk. 

The equilibrium closest cation-anion separation ( R , )  is just the value of R which 
minimises U,(R) and can therefore be predicted from knowledge of this function. The 
lattice energy, denoted D,,  which is the energy released on forming from the free ions 
in their electronic ground states the crystal having the equilibrium cation-anion 
separation R, ,  is given by 

0, = -U , (R , )  (15) 
The bulk compressibility, to be denoted B, can also be predicted from the function 
U , ( R )  through the definition 

B = { L" d' [ u L ( R ) ] / d V Z } R = R c  (16) 

= ( 9 k z , R r ) -  ' { B[UL(R ) ] / d R 2 } R = R e  

where Vis the volume per formula unit CA,,. The expression (16) is evaluated through 

(17) 

with k,, the constant relating V to R through V = k,,R3 

1. 
1.1 Overview 

Most quantum mechanical studies of the electronic structures of molecules and solids 
are based on the Schrodinger equation. Since the effects of special relativity are 
neglected in this equation, i t  does not provide an appropriate premise for investigating 
systems in which the velocities of the electrons are appreciable fractions of the velocity 
of light (c). Such high velocities arise not only for electrons in inner shell orbitals but 
also, in elements heavier than those of the third transition series, for valence electrons 
of low angular momentum [25]. 

The object of this section is to review in simple non-mathematical terms the 
evidence that relativity significantly modifies the behaviour of even the valence 
electrons in atoms and ions of high nuclear charge and then to study how these effects 

RELATIVISTIC EFFECTS FOR IONS OF HIGH ATOMIC NUMBER 
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INTER-IONIC POTENTIALS 33 

are reflected in the properties of ionic crystals containing such ions. The role played 
by relativity in modifying the properties of a system can be elucidated by comparing 
the result of a calculation performed using the usual non-relativistic Schrodinger 
equation with that yielded from the calculation which differs only in using the 
relativistic version of quantum mechanics. 

1.2 Relativistic Efects On Electrons In Atoms 

1.2(i) One-electron atoms 
In the relativistic quantum mechanics of a single electron, the stationary state 
wavefunctions corresponding to the allowed values of the energy are solutions of the 
Dirac equation [26,27]. For an electron subject to only an external electrostatic 
potential, this equation differs from the non-relativistic Schrodinger equation in two 
major respects. Firstly the relativistic (Dirac) kinetic energy operator involves 4 x 4 
matrices. Secondly each relativistic orbital is a column vector with four rows and thus 
has four components unlike its counterpart in non-relativistic theory which has only 
a single component. Although the two lower components of a Dirac orbital play a 
crucial role in the mathematical formalism and must be considered in quantitative 
calculations, the mechanisms through which relativity modifies the properties of ionic 
crystals can be understood physically without considering these two components and 
focusing entirely on the upper two components. There are two upper components 
because an electron has a spin of one-half, electron spin being automatically incor- 
porated in the Dirac formalism [26,27]. Thus an electron in the pure spin-up state has 
a wavefunction in which only the first upper component is non-vanishing, the second 
upper component being zero. Conversely the wavefunction for a spin-down electron 
has a vanishing first upper component with the second upper component being 
non-vanishing. 

In the usual approximation of a stationary point nucleus having an atomic number 
2, the Dirac Hamiltonian for a one-electron atom or ion has the same potential 
energy term ( - Z / r )  as that in non-relativistic theory where r is the distance of the 
electron from the nucleus. Many properties of the relativistic orbitals of a one-elec- 
tron atom are very similar to those of the standard non-relativistic atomic orbitals 
[27,28]. Thus the relativistic atomic orbitals designated as having s symmetry have no 
orbital angular momentum ( I  = 0) in the two upper components. The entire orbital 
has a total angular momentum ( j )  of one half which results from the coupling between 
the orbital and the spin angular momenta. For every non-relativistic atomic orbital 
having non-zero orbital angular momentum ( I ) ,  there are two relativistic atomic 
orbitals, designated Tand I ,  whose upper two components have the same value of 1. 
These two orbitals have different values ofj, equal to I - 1/2 and I + 1/2 respectively, 
which result from the coupling between the orbital and spin angular momenta. All 
bound relativistic atomic orbitals have an integral principal quantum number ( n )  
which corresponds exactly to that in standard non-relativistic theory. Thus n can take 
the same numerical values as in non-relativistic theory, similarly restricts the allowed 
values of I and determines the number (n-1-1) of nodes in the radial part of the 
wavefunction entering the two upper components. There are 2j + 1 degenerate 
orbitals which have the same radial wavefunctions and the same values of the 
quantum numbers n, 1 andj .  These orbitals, said to constitute a subshell, differ only 
in the quantum number m, that determines the z component of the total angular 
momentum j .  
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In a one-electron atom, all relativistic orbitals are more tightly bound than their 
non-relativistic counterparts in that their binding energies are greater and their mean 
radii are smaller [29]. Both the fractional increments in the binding energy and the 
contractions increase rapidly with increase of the nuclear charge ( Z ) .  This occurs 
simply because, for fixed quantum numbers n, 1 and j ,  increase of Z increases the 
electron velocity thereby enhancing the effects of relativity. For fixed 2 the fractional 
increments in binding energy and contractions decrease with increasing total angular 
momentumj. The velocity of an electron in a given orbital is greater when the electron 
is close to the nucleus. The decrease of the electron density close to the nucleus as the 
j quantum number increases accounts for the reduction of the effect of relativity with 
increasing j .  These modifications are said to arise from the direct relativistic effect 
[25,30]. This is the change in orbital properties which arises because the dynamics of 
the electron is intrinsically relativistic, this obeying the Dirac equation rather than the 
non-relativistic Schrodinger equation containing the same potential energy. The 
direct effect is very significant for s and f ,  orbitals but is rather small for d, f and f 
orbitals [29]. It is hardly surprising that relativity is important for the 1 s electron in 
heavy atoms because this is predicted to have a velocity equal to Z a.u. in non-rela- 
tivistic theory. For a Z of 80 this is over half of the velocity of light which is 137 when 
measured in atomic units. 

l.Z(ii) Orbitals in rnan.v-electron atoms 
The Dirac-Fock scheme for describing the electronic structure of a multi-electron 
atom is the relativistic analogue of the non-relativistic Hartree-Fock or orbital model 
of atomic structure [28,31]. In this scheme, it is usual to demand that the orbitals have 
the same spin and angular parts as those of a one-electron atom with the result that 
Dirac-Fock atomic orbitals can also be labelled by the four quantum numbers n, 1,j 
and m,. Hence only the radial parts of the orbitals in a multi-electron atom differ from 
their counterparts in a one-electron atom. It is also usual to demand that the radial 
parts of all the 2 j  + 1 orbitals belonging to the same sub-shell are identical as in a 
one-electron atom. Orbitals having all these properties are said to have central field 
form. Each relativistic orbital can contain only a single electron so that a subshell of 
total angular momentumj can contain at most 2j + 1 electrons. 

In the relativistic description of a multi-electron atom, the operation of the direct 
relativistic effect causes the inner or core orbitals to be more contracted and tightly 
bound than their non-relativistic counterparts. The outermost orbitals in a multi-elec- 
tron atom are subject not only to the direct relativistic effect but also to the indirect 
relativistic effect [25,30]. For an outer orbital, the indirect effect is the change in its 
properties which arises because the relativistic inner orbitals have become contracted 
compared with their non-relativistic counterparts through the operation of the direct 
relativistic effect. These contractions of the inner orbitals screen the outer electrons 
more effectively from the nuclear charge thereby acting to reduce the binding energies 
and increase the mean radii of the orbitals occupied by the outer electrons. Hence the 
indirect effect always acts to expand an orbital thereby opposing the direct effect 
which always acts to contract the orbital as in a one-electron atom. 

One can separate the contributions made by the direct and indirect relativistic 
effects to the total relativistic modification of an orbital by performing the series of 
calculations [25] presented pictorially in Figure 2. In the full relativistic Dirac-Fock 
calculation for the gold atom, the 6s electron is considered to obey a Dirac equation 
containing the potential generated by a fully relativistic core. This full Dirac-Fock 
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NON-RUATNISITC CON7RACTrD RELATIVISTIC 
CORE CORE 

6s 6s 6s 
RE L A T M  S TI C RELATMSTIC NON-RELATMSTIC 
DYNAMICS DYNAMICS DYNAMICS 

< r > 6 s ( a u )  3017 3 059 3 655 

DIFFERENCE DUETO DEFERENCE DUE TO 
INDIRECT RELAnVlSTlC EFFECT 
(1.E. EFFECT OF CHANGING CORE 
POTENTIAL KEEPING VALENCE 
ELECTRON DYNAMICS KEEPING CORE FQ'EhTlAL 
UNCHANGED) UNCHANGED) 

DIRECT RELATIVISTIC EFFECT 
O.E. EFFECT OF CHANGING 
VALENCE ELECTRON DYNAMICS 

Figure 2 The direct and indirect relativistic modifications of valence electron behaviour. 

calculation yields a 6s orbital which is considerably stabilized compared with that 
resulting from a standard non-relativistic Hartree-Fock calculation. Thus the rela- 
tivistic 6s orbital obtained from the full Dirac-Fock computation has a mean radius 
of 3.059 a.u. and a binding energy of 64071 cm-' compared with results of 3.701 a.u. 
and 48455 cm- ' from the entirely non-relativistic calculation. A computation in which 
the Dirac equation is solved for the 6s electron moving in the field of the core obtained 
from the entirely non-relativistic calculation yields an orbital having a mean radius of 
3.017a.u. and binding energy of 64308cm-' (Figure 2). This calculation of the 6s 
orbital differs from that in the full Dirac-Fock calculation solely in the substitution 
of the non-relativistic core for the relativistic core; in both calculations the dynamics 
of the 6s electron is treated relativistically by using the Dirac kinetic energy operator. 
Hence the difference between these two calculations gives a quantitative measure of 
the indirect relativistic effect originating from the change in the potential experienced 
by the 6s electron on account of the relativistic contraction of the core. The very close 
similarity of both the mean radii and binding energies of the 6s electron in the two 
calculations shows that its behaviour is only minimally influenced by the indirect 
effect which only very slightly destabilizes the 6s orbital. Comparison of the 6s orbital 
resulting from the full Dirac-Fock calculation with that derived by solving a non-rela- 
tivistic Schrodinger equation for a 6s electron moving in the potential generated by 
the relativistic core gives a measure of the direct relativistic effect (Figure 2) because 
these two calculations use the same core potential and differ only in the dynamics of 
the 6s electron itself. The 6s orbital which results from solving the Schrodinger 
equation in the potential generated by the relativistic core is not only very significantly 
less tightly bound than the full Dirac-Fock 6s orbital but is also very similar to the 
6s orbital resulting from the entirely non-relativistic calculation. This shows that the 
relativistic modification of the behaviour of the gold 6s electron originates almost 
entirely from the direct relativistic effect. 

The behaviour of the gold 6s electron typifies that of valence s electrons in atoms 
of high nuclear charge. As for a one-electron atom, the large direct relativistic 
stabilizations of such valence s electrons arise because these have appreciable pro- 
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36 N. C. PYPER 

babilities of being found close to the nucleus where they move fast and are therefore 
significantly influenced by relativity. 

Outer d ( j  = 5 / 2 )  electrons such the single 5 d electron in lutetium [25]  and the six 
5 d electrons in Pb'+ [32]  are destabilized by relativity, the orbitals resulting from a 
full Dirac-Fock calculation having larger mean radii and smaller binding energies 
than those yielded by the non-relativistic Hartree-Fock computation. Since the direct 
relativistic effect always acts to contract an orbital these destabilizations show that, 
for such orbitals, the indirect relativistic effect must outweigh the direct effect. A series 
of calculations of the type just described for gold shows that the magnitude of the 
indirect effect on an outer orbital increases with increase of its j quantum number [25]  
until for d orbitals ( j  = 5 / 2 )  this effect dominates the direct effect. It was similarly 
shown [25]  that the magnitude of the direct effect decreases with increasingj to 
become small but not negligible for dand d electrons. Thus for d orbitals the situation 
is reversed compared with that for s orbitals where the direct effect dominates the 
indirect one. For relativistic p orbitals ( j  = 3 / 2 )  the calculations [25]  show that the 
direct and indirect effects are comparable in magnitude with the result that the 
relativistic modifications of outer p orbitals are ofter rather small. 

1.3 The Fuiture U f  The towesr order Perturhatiori Description Of Relativity 

For a one-electron atom, i t  is well known that to lowest order in the parameter Z / c  
the relativistic correction to the energy of the electron is given by taking the expecta- 
tion value of a sum of operators each of which describes a different relativistic 
modification of its behaviour (see for example [27 ] ) .  These expectation values are to 
be calculated using the non-relativistic wavefunction as would have been expected 
since this function is the unperturbed zeroth order state. This sum of operators 
contains three terms of which the spin-orbit coupling is perhaps the most well known. 
The two remaining terms are the mass-velocity operator originating from the velocity 
induced increase of the electron mass and the Darwin term describing a short range 
modification of the electron-nuclear attraction. 

In the orbital description of a multi-electron atom, the leading relativistic correc- 
tion to the energy of an electron is again given by taking the expectation value of a 
sum of operators using the non-relativistic wavefunction [33,34]. For an electron 
occupying orbital /v }, the correction thus computed will be denoted eL, ( ' ) .  The terms 
in this sum of operators can be divided into two groups [33,34] which correspond to 
the perturbation theory descriptions of the direct and indirect relativistic effects. The 
first group consists of those terms arising for a one-electron atom, namely the 
mass-velocty plus spin-orbit coupling and Darwin terms originating from the electro- 
static field generated by the nucleus, augmented by spin-orbit coupling and Darwin 

Table 1 Comparison of Dirac-Fock and first order perturbation predictions of relativistic corrections to 
valence orbital energies"' 

A u  6s TI 6 p  eka-TI 7p 

Relativistk (Dirac-Fock) eigenvalue 8.. - 6407 1 - 46826 - 58688 
Exact Relativistic correction E,, - E ;  'R - 15560 -4158 - 17845 
Perturbation correction &:I' - 10587 - 1884 f512 

"'All results in cm-l taken from [35] (Au and TI) and (361 (eka-TI) 
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terms originating from the electrostatic field generated by the electrons in other 
orbitals. The latter field is evaluated using the description of these other orbitals 
provided by non-relativistic theory. The second group of operators, namely the 
perturbation theory description of the indirect relativistic effect, consists of the 
difference between the relativistic and non-relativistic descriptions of the electrostatic 
field generated by the electrons in other orbitals. If relativistic effects are small, the 
perturbation theory prediction (&:I)) of the relativistic correction to the energy of an 
orbital would naturally be expected to be the same as the difference ( E ,  - &rR) 
between the orbital energy ( E , )  predicted from the Dirac-Fock calculation and that 
( E ! ~ )  computed using non-relativistic Hartree-Fock theory. For valence electrons in 
first and second row elements, it is has been shown [35] that the first order perturba- 
tion theory prediction 8::) does indeed reproduce the difference E,, - 

Although first order perturbation theory works well for systems of low nuclear 
charge, one should not expect this to be capable of predicting the relativistic modifica- 
tion E,, - EY if this is a significant fraction of the orbital energy & G I R .  The size of the 
nuclear charge for which the first order perturbation description of relativity breaks 
down can only be discovered by computing the differences E, - eG/R and then compar- 
ing these with the predictions 8:'). Three conclusions about the reliability of the first 
order perturbation description of valence electron behaviour have been drawn for 
such studies [35,36]. Firstly this description was shown to work reasonably well for 
the first series of transition elements. Secondly, for atoms heavier than copper but 
lighter than silver, it was shown to be incapable of making quantitatively accurate 
predictions although it is still of value qualitatively because its use introduces errors 
no greater than 10%. Thirdly it was shown that the first order perturbation theory 
breaks down for valence s and p electrons in elements heavier than those of the third 
series of transition elements. This is illustrated by the results in Table 1 which show 
that this approach loses one third of the relativistic correction to the energy of the gold 
6s orbital and recovers less than a half of the correction to the energy of the 6 p  orbital 
in thallium. For the superheavy element eka-thallium, this perturbation approach is 
not even capable of predicting the sign of the substantial relativistic stabilization of 
the 7 p  orbital which, in this atom, contains the most loosely bound electron. 

It might have seemed that the best way of rectifying the deficiences of the first order 
perturbation treatment of relativity would be to extend the perturbation treatment to 
higher orders. However this procedure not only generates a large number of operators 
whose expectation values are divergent but also produces divergent corrections to the 
orbitals. For the hydrogen atom all the calculations can be performed analytically and 
hence it was possible to show [37,38] that these divergencies cancel to yield the correct 
finite result for the relativistic modification of the energy. However for both molecules 
and multi-electron atoms analytic expressions for the Hartree-Fock orbitals are not 
available and hence for these systems the divergences arising in higher order perturba- 
tion descriptions of relativity cannot be handled by the techniques used in [37,38]. 
Thus attempts to use high order perturbation descriptions of relativity in both 
molecules and multi-electron atoms would appear to be unpromising. 

1.4 

The breakdown of the first order perturbation treatment of relativistic effects in atoms 
of high nuclear charge coupled with the divergence difficulties arising in higher orders 
of perturbation theory shows that the relativistic electronic structures of solids and 

The Relativistic Integrals Programme (RIP) 
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38 N. C. PYPER 

molecules are best investigated by working directly with the Dirac equation and 
building the multi-electron wavefunction from fully relativistic orbitals each of which 
has four components. The Relativistic Integrals Programme (RIP) was therefore 
developed [22-241 to calculate exactly the energy of such a relativistic wavefunction 
for any diatomic system. Hence the programme can be used either to compute a 
relativistic wavefunction for an isolated diatomic molecule [23,39,40] or to calculate 
the uncorrelated short range interactions V:y,.(x-,,.R) for pairs of ions in ionic crys- 
tals. It is the latter facility that is the key that enables one to investigate ab-initio the 
properties of such crystals even when they contain the heaviest ions. It should be 
emphasized that the potential V,”) r(.~\.).R) computed using the RIP programme is 
exact once the wavefunctions of the two ions X and Y are given. Hence such 
computations with the RIP programme do not contain any of the uncertainties that 
arise if these potentials are calculated using density functional theory. Moreover as 
discussed in section 4. the RIP results can therefore be used to test the accuracy of the 
latter approach. 

The RIP programme requires that the radial parts of the four component 
wavefunctions of the one-electron orbitals used to construct the multi-electron 
wavefunction for the pair of interacting ions are represented in the numerical form 
generated by the Oxford atomic Dirac-Fock programme. However since each of the 
wavefunctions of the individual ions is generated from a run of this programme, every 
orbital has the required numerical form. Furthermore since the orbitals of the two 
ions are generated by solving the Dirac-Fock equations numerically, these orbitals are 
automatically the true Dirac-Fock orbitals for the ions. Hence studies of ionic crystals 
using the RIP programme avoid any of the uncertainties concerning the quality of the 
basis set that would arise if the standard techniques of non-relativistic quantum 
chemistry were used. an infinite basis being in principle necessary to generate orbitals 
equivalent to those obtained from a numerical calculation. In practice an incon- 
veniently large basis would be needed for solids containing heavy ions, a problem 
entirely circumvented in RIP calculations. Thus it is known (see for example [5]) that 
large basis sets are needed to compute accurately the interaction energy between even 
two light ions using the techniques of non-relativistic quantum chemistry. The use in 
the RIP programme of numerical orbitals for the ions also avoids the further pro- 
blems which arise when one attempts to extend the non-relativistic quantum chemis- 
try techniques to relativistic calculations. These problems which have been extensively 
discussed elsewhere I411 will not be considered here because they are entirely circum- 
vented in studies of ionic solids using the RIP programme. 

1.5 Relativistic Modificutioris Of Crvstal Properties 

1.5(i) Modifications of inter-ionic potentials 
The short range interaction V,”X, ( -Y,~) R )  between two ions neither having any un- 
paired electrons has always been found to be repulsive except for a few anion-anion 
interactions which are discussed in detail elsewhere [4,5]. These repulsions ultimately 
originate from the Pauli principle which prevents two electrons of the same spin from 
occupying the same orbital. Hence when two such orbitals on different ions overlap, 
the electronic structure can be envisaged in terms of two orthogonal orbitals both 
formed as linear combinations of the two original overlapping orbitals. This 
orthogonalization introduces an extra node into one of the orbitals which increases 
its kinetic energy thus accounting for the repulsion. 
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The outermost orbital in the Pb++ ion, namely the 6s orbital, is significantly 
contracted by relativity, the relativistic orbital having a mean radius of 2.233 a.u. 
compared with one of 2.506a.u. for the non-relativistic 6s orbital. One therefore 
expects the short range repulsion between two Pb++ ions to be reduced by relativity 
provided that the inter-ionic separation is not so short that the overlap of the 6s 
orbitals ceases to make the dominant contribution to this repulsion. Computations 
using the RIP programme do indeed confirm that this repulsion is significantly 
reduced by relativity. The data presented in Table 2 taken from [32] compare both the 
short range Pb++ ..F- and Pb++ ..Pb++ potentials calculated relativistically with the 
exactly corresponding non-relativistic potentials. The non-relativistic results were 
calculated using the same computer programmes and in exactly the same way as the 
relativistic results except that the programmes were run using an artificially large 
value for the velocity of light, greater by a factor of 1000 than the true value of 
137.0373 a.u. used in the relativistic calculations. For closed shell systems, this techni- 
que of performing relativistic calculations with a greatly increased value for the 
velocity of light is known to reproduce exactly the results of non-relativistic computa- 
tions [42,43]. The influence of the environment on the ion wavefunctions was des- 
cribed by using the best of the models described in section 2. Although this model may 
be improved in future work, the magnitudes of the relativistic effects as derived from 
the differences between the relativistic and non-relativistic calculations will not be 
significantly changed by any possible future improvements in this model because the 
same model was used in all the calculations. Furthermore these calculations show that 
the crystalline environment scarcely affects the Pb+ + wavefunctions which therefore 
hardly differ from those of an isolated Pb++ ion. For the form of PbF, having the 
fluorite structure with closest Pb++ ..F- se aration R ,  the short-range Pb++ . .Pb++ 
repulsions calculated for the distances 2&R which separate the closest pairs of 
Pb++ ions are seen (Table 2) to be reduced by relativity by factors as large as three. 

Since the wavefunction of the fluoride ion is essentially unaffected by relativity, the 
relativistic modifications (Table 2) of the short-range Pb+ + ..F- interaction are 
determined by the interplay between the relativistic contraction of the 6s orbital and 
the expansion, originating from the indirect relativistic effect, of the Pb++ 5d ( j  = 5 /  
2) orbital. For this latter orbital the dominance of the indirect over the direct 
relativistic effect explains why its mean radius (1.300 a.u.) is larger in relativistic 
theory than that (1.259 a.u.) in the non-relativistic description. At larger values of R, 
the overlap between the orbitals of the F- ion with the Pb++ 5d orbitals is less 
important than that with the relativistically contracted 6s orbital thereby accounting 
for the relativistic reduction of the short-range Pb++ ..F- repulsion for R > 4.0a.u. 

Table 2 The influence of relativity on the uncorreiated short range inter-ionic potentials in cubic lead 
fluoride".2.3' 

v $ ~ + + p h + +  (2J(2/3/  R, 
R relativistic non-relativistic relativistic non-relativistic 

4.0 0.00432 0.013 18 0.07767 0.07533 
4.5 0.00085 0.00306 0.03419 0.03507 
4.15 0.00040 0.00151 0.023 13 0.02434 

V h +  + F -  (R J 

"'Distances R and energies in atomic units (a.u.). 
'?)Computed using the RIP programme using ion wavefunctions calculated using the model environmental 
potentials (19) and (22). 
(I'  Relativistic results taken from [4] and non-relativistic resu!ts from [32]. 
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Table 3 Relativistic modifications of the properties of cubic lead fluoride"' 

C'ncorreluted Correlated plus expri2' 
from ti: ( R  ) 
equalion i I 1  ] 

Re1 N R  Re1 

damped dispersion 
U , I R )  equation ( 1 4 )  

"NR ) * I  ) I  

0,. (kJ mole- ' ) 2288 2257 2433 2406 249 1 
R,. (a.u.1 5.06 5.1 1 4.866 4.91 4.861 
B( IO"Nm-') 5.20 5.06 6.56 6.14 6.53 

"'Relativistic results (denoted Rel) from (41 and Non-relativistic results (denoted NR)  from [32]. 
'"For sources of experimental data see [4] or [5]. 
'"Non-relativistic calculation of uncorrelated short range potentials VP,, ( . y x Y R )  and short range correla- 
tion terms V:C;(.vrr R )  but relativistic (from experimental polarizabilities) dispersion energy tid,,%p(R). 

(Table 2 and Table 1 of [32]). Since the Pb++ 5d orbital has a much smaller mean 
radius than the 6s orbital, one can expect the relative importance of the overlap of the 
F- ion orbitals with the 5d orbitals compared with the 6s orbitals to increase as R 
decreases. The relativistic enhancement (Table 2) of the short range Pb++ ..F- 
repulsion at R = 4.0 a.u. can be attributed to the increase of this relative importance, 
the contribution to the relativistic modification of this potential originating from the 
enhancement of the repulsion caused by overlap with the relativistically expanded 5d 
orbitals outweighing the reduction of that originating from the overlap with the 
relativistically contracted 6s orbital. 

1.5(ii)  
The degree to which the relativistic modifications of the inter-ionic potentials are 
reflected in the cohesive properties of crystals is elucidated by comparing the exactly 
analogous relativistic and non-relativistic predictions of the lattice energy (D<,), equi- 
librium closest cation-anion separation ( R , )  and bulk compressibility ( B ) .  The results 
of such a comparison [32] for the cubic form of lead fluoride are summarized here by 
the results assembled in Table 3. 

Comparison of the results in the first two columns of Table 3 shows how relativity 
modifies the predictions obtained from the expression ( 1  1) for the crystal cohesion 
that is derived by considering only the uncorrelated short range potentials. The 
relativistic reductions of both the uncorrelated short range Pb++ ..Pb+ + and Pb++ 
..F- interactions cause the crystal cohesion to be slightly increased by relativity. A 
more detailed examination presented elsewhere [32] shows that the reduction of the 
uncorrelated short range Pb+* ..Pb" potential contributes roughly half of the total 
relativistic stabilization. Although the fractional relativistic modification of the Pb+ + 

. .Pb++ potential is much greater than that of Pb++ . .F-  interaction, this is not 
reflected to the same extent in the modification of the crystal cohesion because the 
smallest Pb++ ..Pb'+ se aration is greater than the closest cation-anion separation 
R by a factor of 2 d  

It has been shown elsewhere [32] that introduction of the short range correlation 
potentials V;;; (X,~ ,R)  leaves essentially unchanged the relativistically induced chan- 
ges in De,  Re and B that are predicted when only the uncorrelated short range 
interactions are included. Naturally the crystal cohesion predicted by both the non- 
relativistic and relativistic calculations is increased by introducing these correlation 
terms. A full calculation [4] of the crystal cohesion, which yields results in excellent 

Modifications of bulk crystal properties 
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INTER-IONIC POTENTIALS 41 

agreement with experiment, must include the dispersion energy U,,(R) calculated 
taking account of its damping [6,7] that arises from the overlap of the ion wavefunc- 
tions. The calculation of the dispersion energy requires knowledge of the dispersion 
coefficients of which the most important are the dipole-dipole or C,(XY)  dispersion 
coefficients. For lead fluoride these had to be calculated 141 from the static polarizabili- 
ties of the ions which were deduced [44] from the experimentally measured values of 
the crystal refractive indices. The values of the dispersion coefficients thus derived 
naturally include the effects of relativity since the velocity of light is finite in the real 
world. However the non-relativistic dispersion energy of the crystal is not available 
because it cannot be derived from this procedure. Hence it is not possible to report 
a completely non-relativistic analogue of the relativistic calculation which includes the 
dispersion. However, columns 3 and 4 of Table 3 show that the difference in the 
crystal cohesion predicted from the relativistic and non-relativistic calculations in- 
cluding only the short range potentials remains unchanged if the same relativistic 
dispersion energy is introduced into both these two calculations. The calculation of 
the dispersion energy U , , ( R )  is described in detail in section 3. 

It has been shown that relativity reduces the uncorrelated short range Pb++ . .Pb++ 
interaction by a factor of three. Although the influence of relativity on the properties 
of perfect PbF, crystals is not so dramatic as that on the inter-ionic potentials because 
the distances between the Pb++ ions are quite large, the very substantial relativistic 
modification of the short-range Pb++ ..Pb+ ' repulsion shows that it would be highly 
inadvisable to attempt to describe crystals containing such heavy ions by using 
non-relativistic calculations. Furthermore the relativistic reduction of this repulsion 
can be expected to become more important for the energetics of crystal defects 
involving interstitial Pb+ + ions where smaller internuclear separations arise. These 
results can be expected to be typical of those for systems containing such heavy ions. 

2. ENVIRONMENTALLY INDUCED MODIFICATIONS OF ION 
WAVEFUNCTIONS 

2.1. 

Each electron of an ion in an ionic crystal interacts with the environment generated 
by the presence of the other ions and their attendant electrons [45]. It should be 
expected that any modifications of the ion wavefunctions caused by such interactions 
will influence the inter-ionic potentials [4,19,24]. The object of this section is to 
describe the extent and mechanisms through which both the inter-ionic potentials and 
individual ion polarizabilities are modified by these interactions with the crystalline 
environment. The modifications [44-481 of the ion polarizabilities are interesting not 
only in themselves but also because, as discussed in section 3, any such changes are 
further reflected in the inter-ionic dispersion coefficients [4,49,50]. These coefficients 
govern the dispersive attractions between the ions. 

The fundamental theory of the influence of the crystalline environment on the ion 
wavefunctions is developed by assuming that the total wavefunction for all the Ncr 
electrons in the crystal can be written as an anti-symmetrized product of individual 
ion wavefunctions which one demands are optimal for the crystal geometry specified 
by the closest cation-anion separation R. In the approximation that electron correla- 
tion is neglected, this reduces to writing the crystal wavefunction as an anti-symme- 
trized product of individual ion wavefunctions constructed using the orbital approxi- 

The Physics Of The Environment 
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42 N. C. PYPER 

mation. The optimum orbitals are determined by demanding that the total crystal 
energy E , , ( R )  is stationary with respect to those variations of the orbitals which can 
be realized within the constraints that all the orbitals remain normalized and that 
those belonging to the same ion remain orthogonal. The optimum orbitals belonging 
to a given ion (a)  are then found to be eigenfunctions of an operator which is 
analogous to that arising in the Hartree-Fock or orbital theory of atomic electronic 
structure. Thus this Fock like operator contains all the terms which arise in the 
Hartree-Fock description of the isolated ion a augmented by an additional potential, 
to be denoted Fe,, ,(rc,;R),  which originates from all the other ions in the crystal. Clearly 
for an electron belonging to ion a, this additional potential is a function of the 
position vector ru defined relative to the nucleus of ion a. The environmental potential 
&,,jr(rt,;R), which will certainly be non-local unless it is approximated, depends on the 
crystal geometry and therefore carries the label R .  

It is useful to decompose the environmental potential Fc,,,!,(ru;R) acting on an 
electron on ion a into three contributions [4.45]. The first of these is that which would 
arise if all the ions h other than the ion a containing the electron under consideration 
were replaced by point charges of magnitude Z ,  - Nh. Thus the first contribution is 
that generated by a point charge lattice. The second contribution is the correction that 
arises when the purely electrostatic potential generated by the electrons on ions b is 
calculated more realistically taking account of the extension in space of the charge 
distribution generated by these electrons. The potential generated as the sum of these 
first two contributions ignores any effects which arise from the exchange of electrons 
on ion a with those belonging to the neighbouring ions h. There are two terms in the 
environmental potential that arise from such exchange and their sum constitutes the 
third contribution to &,,iL(rc,;R).  The first of the two terms originates from the Pauli 
principle and involves primarily the kinetic energy of the electrons and their attraction 
to the nuclei. The second term is that part of the total electron-electron repulsion that 
involves the exchange of the considered electron of ion u with electrons belonging to 
neighbouring ions b. Both these terms are only non-zero if the orbital containing the 
electron on ion a has a non-negligible overlap with one or more occupied orbitals of 
the neighbouring ions. 

In any exact theory of the environmental potential, each of the two terms in the 
third contribution to F&(rcz:R) would appear as a non-local operator, that is one 
which cannot be defined solely as a numerical value at each point in space. By contrast 
a local operator has a definite numerical value at each point in space that is the same 
regardless of the wavefunction on which i t  may act, the electrostatic potential - Z,  / r ,  
generated by a nucleus (a) providing a simple example. However, physically the first 
term in this third contribution constitutes a repulsive potential acting on an electron 
belonging to ion a in regions of space in which the electron density on neighbouring 
ions does not vanish. This repulsion ultimately originates from the Pauli principle 
which prevents an electron on ion a from entering an orbital of ion b that is completely 
filled with electrons. This principle forces the wavefunction of ion a to be orthogonal 
to these occupied orbitals of ion b which introduces an extra node into the orbital on 
ion a thereby increasing its kinetic energy. This increase in the kinetic energy of the 
electron on ion a in spatial regions where the density of electrons on neighbouring ions 
is non-vanishing is the primary cause of the repulsion originating from the first term. 
The second term in the third contribution to Fe,it(ru;R),  namely that portion of the 
electron-electron repulsion that originates from exchange of an electron on ion a with 
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those on neighbouring ions, effectively acts as an attractive potential in spatial regions 
in which the electron density of these neighbours is not negligible. However the 
repulsion originating through the operation of the Pauli principle has a greater 
magnitude than the attractive exchange component and consequently the third contri- 
bution to c, , ,v(ro;R) constitutes overall a repulsive potential. 

The derivation of explicit forms for the environmental potential is at a sufficiently 
early stage of development that it would appear advisable to demand that all the ion 
orbitals in the crystal have the same central field form as those of the free ions. As 
discussed in section 1.2(ii), this means that the angular and spin parts of the orbitals 
are the same as those in a one-electron atom but that the radial parts of the orbitals 
differ from those of the free ions. It is useful to consider expanding the environmental 
potential in a series in which spherical harmonics are used to describe its angular 
variation [4,45]. Such an expansion takes the form 

F, ,,,,, ( r u ; R )  = Fr,"? ( r a ; R )  + . . . (18) 
The first term of this expansion, which is the only one required here, is independent 
of any angular variables and thus depends only on the radial distance r ,  of the electron 
from the nucleus of ion a and constitutes the spherically symmetric part of the 
environmental potential. This is denoted by the superscript 0. This spherically symme- 
tric part can be generated by averaging the full potential Fe,,,,(r(,;R) over the two 
angular variables entering the position vector ru. The sum of all the unwritten terms 
in (18) describes the angular variation of Fenv(ro;R). It has been shown [4] that each 
of these unwritten terms contributes zero to the total energy of all the electrons on ion 
a in a crystal provided that all the orbitals belonging to ion a not only have central 
field form but also are either completely filled with electrons or are totally unoccupied. 
Thus computation of the ion orbitals retaining only the spherically symmetric part of 
the environmental potential will yield orbitals which have the central field form that 
is needed to show that the unwritten terms on the right hand side of (18) do not 
contribute to the energy. Hence for crystals composed of closed shell ions, retention 
of only the spherically symmetric part (F::?(r,;R)) of Fen,,(ru;R) yields a theory which 
is internally self-consistent. 

The derivation of explicit forms for even the spherically symmetric part Fi:!,(ro;R) 
of the environmental potential is at a sufficiently early stage of development that only 
purely local representations of f'j:{,(ru;R) will be considered further. In computations 
of ion wavefunctions using the Oxford Dirac-Fock [21] or any other programme for 
generating atomic wavefunctions, the appropriate local approximation to the func- 
tion Fi:!,(ro; R )  is added to the term describing the interaction of each electron with 
the nucleus of ion a. Such computations yield ion wavefunctions which are adapted 
to the crystalline environment in that the radial wavefunctions are optimal for the 
latter and differ from those of the free ions. The resulting ion wavefunctions being 
built from orbitals having central field form can therefore be used as input to the 
computation using the RIP programme of the uncorrelated short range interactions 

Clearly each of the three contributions to the total environmental potential 
Fen,,(ra;R) which were described above in the third paragraph of this subsection can 
also be expanded in a series of the type (18). The spherically symmetric part 
(Fi,O?(r,;R)) of the total environmental potential is the sum of the spherically symme- 
tric parts of these three contributions. 

v:xY ( X X Y  R 1. 
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2.2 

2.2(i) 
Three successive approximations to the spherically symmetric part F::,!(r, ; R )  of the 
environmental potential acting on an electron belonging to an anion, designated A, 
are generated by considering in turn the three contributions to FeH,,(ra;R) introduced 
in the last subsection. Each of these successive approximations is depicted in Figure 
3, a local approximation being used for the third contribution. 

The first approximation to FL:t(r,.,;R), appearing as the curve (1) in Figure 3, arises 
from the first contribution to Fe,,,(ru;R) which is that generated by a point charge 
lattice. The spherically symmetric component of the potential originating from a point 
charge lattice is the same as the potential produced by the charge distribution 
generated by the following averaging procedure. For all distances r, from the nucleus 
of ion A all the point charges arising at the distance r, are averaged over the surface 
of a sphere of radius rr. The resulting potential is constant from the nucleus of ion A 
(r,  = 0) to the distance R equal to the closest cation-anion separation because, for 
these distances, the electron is inside all the spherical shells of charge, the potential 
inside a spherical shell of charge being constant. This constant potential is attractive 
for an anion electron because the closest shell contains the positive charge generated 
by averaging the positions of the closest neighbouring cations each approximated as 

The Environmental Potential Acting On Anion Electrons 

Basic physics and formulation of a model 

Figure 3 The spherically symmetric part of the environmental potential acting on an anion electron. 
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a point charge. For distances rA greater than R, the magnitude of this potential 
decreases because the potential outside a spherical shell of charge is the same as if the 
charge were placed at the centre (rA = 0). The smaller oscillations in the potential ( 1 )  
at larger distances rA are associated with distances corresponding to non-nearest 
neighbour separations. Clearly an anion electron subject to an additional attractive 
potential well of the type (1) will be both more tightly bound than in the free anion 
and have a charge distribution contracted compared with that in the free anion. 

Treating the potential generated by the electrons on the nearest cation neighbours 
more realistically by taking account of the actual spatial extensions of these cation 
orbitals but neglecting exchange with electrons occupying these orbitals yields the 
potential labelled (2) in Figure 3. This is the spherically symmetric part of the sum of 
the potential (1) and the correction generated by the more realistic treatment of the 
closest cations. The main feature of this potential compared with that (1) is the large 
attractive well centred at a distance R.  This well originates from the attraction with 
all the nCA nuclei in the first shell of neighbouring cations; the spherical average of this 
potential being that due to a total charge n,Z, uniformly distributed over a sphere 
of radius R. 

The potential labelled (3) in Figure 3 is a schematic representation of that F:f!(rA;R) 
produced by adding to the potential (2) the effects generated by exchange with the 
electrons on the neighbouring ions. The purely electrostatic repulsion generated by 
the electrons on the neighbouring ions has already been included in the potential (2) 
so that the additional repulsion shown by potential (3) originates essentially from the 
increase in the kinetic energy experienced by an electron in spatial regions where the 
density of electrons on neighbouring ions is non-zero as discussed in the previous 
sub-section. The depiction of the total potential in a graph showing the numerical 
value of F$i(rA ; R )  at a distance rA from the centre of the nucleus of ion A implies that 
a local approximation has been used for the totality of effects originating from the 
exchange. It is clear that this third contribution, whether approximated by a local 
potential or treated more accurately as a non-local operator, will act to contract 
anions thereby reinforcing the same effects generated by the point charge lattice 
(potential (I)). 

The development of ab-initio computations of the properties of ionic solids is at a 
sufficiently early stage of development that i t  is reasonable to use the simplest local 
approximation to the potential (3). A simple yet physically realistic model potential 
was developed [4] by noting that, for values of rA sufficiently small that the density of 
electrons on neighbouring ions is negligible, the total potential F::?(r,;R) will not 
differ significantly from that generated by a point charge lattice. The largest value of 
rA for which the neighbouring ion electron density is still negligible will be defined to 
be R-R,. For values of rA greater than R - R,, the total potential should increase 
reaching zero asymptotically as shown by the potential (3) in Figure 3. A model 
potential F;:?(r,;R) having these properties is 

F::! (rA;R) = -$envAIR rA ,< R - R, (1  9a) 

Fi:?(rA ; R )  = - kenvA/rA rA 3 R - R, (19b) 
The positive constant is chosen [4] such that (19a) reproduces the environmental 
potential generated by the point charge lattice, the explicit factor of R-' being 
introduced to make independent of the crystal geometry as defined by the closest 
cation-anion separation R. The constant kenvA in (19b) is chosen to make the potential 
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Fi::(rA;R) continuous at r A  = R - R, [4]. Although the particular functional de- 
pendence on r s  of the potential (19b) was chosen merely for computational conveni- 
ence, (19b) has the correct qualitative physical behaviour in as much as it increases 
smoothly towards zero from the value given by (19a). The criterion that the density 
of electrons on neighbouring ions is negligible at distances smaller than R - R, from 
the nucleus of the anion A shows that R,, should be chosen to be approximately equal 
to the radius of the cation C. A method for generating from the mean radius and 
eigenvalue of the outermost cation orbital a value for R, closely approximating the 
cation radius has been presented elsewhere [4]. 

2.2(ii) 
The model, introduced in the last subsection, for describing the influence of the 
crystalline environment on anion wavefunctions has been tested [4] for sodium 
fluoride choosing R to be 4.5a.u. which is close to the experimental R ,  value of 
4.38 a.u.. These tests consisted of comparing both the wavefunctions of the individual 
ions and the crystal cohesion predicted from them using the simplest approximation 
retaining only the Madelung term and the uncorrelated short range repulsion between 
each Na' ion and its closest F- neighbours. In this approximation the expression ( 1  1) 
for the cohesive energy reduces to 

Test of model anion environmental potential ,for sodium Jluoride 

The wavefunction of the free Na+ ion was used in all the calculations whose results 
are presented in Table 4, so that EE' ( R )  is zero. Hence the rearrangement energies 
reported in the third line of numerical data in this table originate from just the fluoride 
ion. 

The results presented in the first column of Table 4 were derived using the 
wavefunctions of the free fluoride ion. These results can be compared with those 
reported in the second column which were derived by computing the F- ion 
wavefunction using the description of the environment provided by the purely elec- 

Table 4 Influence of fluoride on wavefunction on the binding of NaF at R = 4.5 a.u."' 

Description of environniental potential used to compute ivmefuncrion'" 

,free e\-trct poinr rriodel 
coiclonih ', cottlon1h * -  (19) + 122)"' 

< I ' >  ? p F -  1.257 1.275 1.245 1.224 
ZF 15.1 10.8 6.95"' 

v: ,(4.5) 23 76 21 17 
u: (4.5)'" - 879 - 853 - 893 - 905 

"'All results from [4] excepting F ion polarizabilities x F .  in a.u. taken from 1471 and [52]: < r > z p F -  in 
a.u. and all energies in k J  mole-'.  
'"All results derived using free ion Na' wavefunction. 
'"Electrostatic potential originating from the full charge distribution of six closest N a f  ions plus point 
charge description of remainder of lattice; potential (2 )  of Figure 3. 
'"'Electrostatic potential generated by a point charge lattice: potential ( I )  of Figure 3. 
"'Full environmental potential as modelled by relations (19) and (22): potential (3) of Figure 3. 
'"Deduced 1471 from experimental polarizability of NaF crystal by subtracting known constant polarizabil- 
ity of Na'. 
"'Positive crystal binding energy equals the magnitude of C,O(4.5). 

E:, (4.5) 0 9 3 10 
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trostatic potential (2) in Figure 3 which neglects the effects originating from exchange 
with electrons on neighbouring ions. In this test calculation [4] the computational 
machinery incorporated in the RIP programme was used to compute exactly the 
electrostatic potential originating from the closest neighbouring Na+ ions thereby 
taking account of the finite spatial extensions of their electronic charge distributions. 
The F- ion 2p orbital computed using this environmental potential is more expanded 
than that of the free F- ion as shown by its greater mean radius (see Table 4). This 
expansion is caused by the deep attractive well centred at r,< = R which originates 
from the electrostatic potential generated by the nuclei of the neighbouring Na+ ions 
(see potential (2) of Figure 3). This expansion of the F- ion 2p orbitals causes the 
short range repulsion V:Na+F- ( R )  to be even greater than that between a free F-  ion 
and a free Na' ion. In any calculation which does not use free ion wavefunctions, the 
rearrangement energies of the ions act to reduce the binding energy of the crystal. If 
a physically correct model of the crystalline environment has been used, the rear- 
rangement energy ELe(R) is more than offset by the decrease in the short range 
repulsions to yield a crystal cohesion increased relative to that predicted using free ion 
wavefunctions. The incorrectness of the potential (2) of Figure 3 is manifested by the 
fact that it predicts an increased short range repulsion which reinforces the effect of 
the rearrangement energy to predict a crystal cohesion less than that derived using free 
ion wavefunctions. The quantum mechanical variation principle shows that one has 
used a worse wavefunction for the entire crystal if the energy is raised which provides 
strong evidence that the potential (2) is incorrect. It has already been pointed out that 
the potential (2) is qualitatively incorrect because the well in this potential centred at 
rA = R disappears when the effects of exchange with electrons on neighbouring 
cations are introduced to produce the potential (3). This shows that the expansion of 
the F- ion wavefunction generated by using the potential (2) is entirely spurious. Thus 
it can be concluded both from the mathematical argument based on the variation 
principle and from the physical reasoning that it is incorrect to use the potential (2). 

The representation of the crystalline environment by either the potential (1) due to 
a point charge lattice or the local approximation (19) ((3) of Figure 3) yields results 
very different from those generated by using the potential (2). Thus the 2p orbital of 
the F- ion is found (Table 4) to be contracted relative to that of the free ion if the F- 
ion wavefunction is computed using either of the representations (1) and (3) of Figure 
3. The data in Table 4 show that the reduction of the short range repulsion V:Na+ F- (R) 
resulting from these contractions more than outweighs the F- ion rearrangement 
energy thereby increasing the predicted crystal cohesion. It should be noted that the 
short range repulsion enters the expression (20) for U ! ( R )  with a factor of six as 
opposed to that of unity for the rearrangement energy so that a reduction of the 
former more than outweighs an equal increase in the latter. Both the orbital contrac- 
tion and increased cohesion that result from introducing the point charge environ- 
mental potential (1) are comparable to the further contraction and increased binding 
arising on passing from using this potential to using the local representation (19) of 
the full environmental potential. 

The polarizabilities of ions in crystals are of interest not only for the insights they 
yield into the electronic structures of ions but also because they govern the optical and 
dielectric properties of polar solids [51] as well as entering the most reliable semi- 
empirical method for calculating inter-ionic dispersive attractions. There has been 
much interest in elucidating the mechanisms through which the environment of an ion 
in a crystal might modify the ion polarizability. It was pointed out by Mahan [45] that 
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the purely electrostatic potential (curve (1) of Figure 3), constituting an attractive 
well, would be expected to increase the binding of anion electrons thereby reducing 
anion polarizabilities. This suggestion has been confirmed by accurate ab-initio 
quantum chemistry calculations [46-481 in which account was taken of electron 
correlation. Thus the results presented in the second line of Table 4 show that 
polarizability computed for a fluoride ion in a point charge lattice having an R of 
4.38 a.u. equal to the experimental Re of NaF is significantly reduced compared with 
that calculated [52] for a free fluoride ion. Changing the representation of the crystal- 
line environment from a point charge lattice to a lattice composed of actual ions 
including their attendant electrons would be expected to reduce anion polarizabilities 
still further. Such reductions are to be predicted because the overlap of the anion 
orbitals with those of neighbouring ions generates through the Pauli principle an 
additional repulsive potential acting on an anion electron which will tend to compress 
the anion. The difference between the potentials (1) and (3) of Figure 3 shows a local 
representation of the spherically symmetric part of this additional compressive poten- 
tial. For a fluoride ion in NaF the polarizability of 10.8 a.u. in the point charge lattice 
is further reduced to the experimentally deduced value of 6.95 a.u. in the actual crystal 
where the electrons are naturally subject to the full environmental potential [47]. Thus 
both point charge electrostatics and overlap effects reduce the polarizability of the 
fluoride ion by roughly the same fractions. Similarly the contractions of the F- ion 
2p orbitals induced by these two effects generate comparable reductions in the 
uncorrelated short range repulsion ( V:ha+F- ( R  )) with the six closest neighbouring 
sodium ions. 

2.3 

The function (3) in Figure 4 shows a schematic representation of a local approxima- 
tion to the spherically symmetric part (F$'(rc;R)) of the potential acting on a cation 
electron. The quantity rc denotes the distance of an electron occupying a cation 
orbital from the nucleus of the cation C. The potential Fi:!(rr;R) can be decomposed 
into that arising from a point charge lattice, the correction generated by taking 
account of the spatial extensions of the orbitals on neighbouring anions plus the 
repulsion originating from exchange with electrons belonging to these neighbours. 
The function labelled (1 )  in Figure 4 shows the spherically symmetric part of the 
potential generated by the point charge approximation to all the ions other than the 
cation C under consideration. This point charge lattice potential differs from that 
discussed in the last subsection ( 2 . 2 )  for an anion electron solely in having the opposite 
sign. For distances rr less than the closest cation-anion separation R, this potential 
acting on a cation electron is constant because it can be regarded as arising from the 
spherically symmetric shells of charge generated as the spherical average of the point 
charge lattice. This potential is destabilizing for a cation electron because the closest 
neighbouring ions are negatively charged. The potential (2) of Figure 4 is generated 
by adding to that (1) the correction arising from the spatial extension of the electron 
densities on the closest neighbouring anions whilst neglecting exchange with electrons 
on these anions. For the reasons already discussed in section 2.2,  it is the attraction 
of a cation electron for the nuclei of the closest anion neighbours which is responsible 
for the deep well centred at the distance R in the potential (2) of Figure 4. The 
spherically symmetric part (FJ:!(rc;R))  of the total environment potential is generated 
by adding to the potential ( 2 )  the repulsion experienced by a cation electron in spatial 

The Environmental Potential Acting On Cation Electrons 
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Figure 4 The spherically symmetric part of the environmental potential acting on a cation electron. 

regions where the anion electron density is non-zero. The curve labelled (3) in Figure 
4 is generated [45] by adding to the curve ( 2 )  this repulsion which originates because 
effects due to the Pauli principle outweigh the exchange contribution to the inter-ionic 
electron-electron interaction. This curve (3) shows no traces of the deep well centred 
at R in the potential ( 2 ) .  

Accurate ab-initio computations [46-491 confirmed the results [45] of approximate 
calculations based on density functional theory that the crystalline environment 
hardly affects either the charge distributions or the polarizabilities of cations having 
s2 or p 6  outermost electronic configurations. This insensitivity of such cations to their 
environment suggests that it will be adequate to use the following very simple 
approximation [4] to the function Fit!,(rc;R) in which this is constant from rc = 0 to 
r(. = R after which it decreases: 

Fi%rc;R) = 4envclR rc d R  ( 2  1 a) 

F%rc;R) = 4 e n v C b C  rc 2 R ( 2  1 b) 
Here the constant 4en,,C is chosen to make the potential (21a) reproduce that due to 
the point charge lattice for distances rc less than R .  Hence the form (21) for Fi:b(rC;R) 
is correct for distances rc which are sufficiently small that the electron density 
originating from neighbouring ions is negligible because for such distances the true 
potential (3) does not deviate from that (1) generated by a point charge lattice. The 
approximate calculations of Mahan [45] suggest that the hump present in the full 
potential (3) at larger values of rc but absent from that generated by the point charge 
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lattice (1) is quite small (see Figure 3 of [45]). I n  view of the insensitivity of cation 
electrons to their environment, at least for ions having s' or  p2 outermost electronic 
configurations, it is not unreasonable to neglect this hump entirely. The model (21) 
for the spherically symmetric part F::: (rc  ; R )  of the environmental potential acting on 
a cation electron has therefore been used in all the calculations to be presented here 
unless explicitly stated to the contrary. Since the electron density of cations is 
negligible in regions of space where rc is greater than R ,  the potential (21) effectively 
reduces to a constant which would not therefore affect the orbital wavefunctions. 
Consequently i t  is not surprising that cation electron density distributions computed 
using the form (21) for F:;1',91(rC;R) are virtually unchanged from those of the free 
cations [4]. 

2.4 

An old method for approximating the environmental potential is that introduced by 
Watson [53] to describe the 0 ~ ion in an ionic solid. In this model the environmental 
potential F,,,, (r\  ; R )  for an electron belonging to ion X i s  taken to equal the potential 
generated by a spherical shell which has a radius equal to the ionic radius (Rex) of 
ion X and carries a charge equal in magnitude but opposite in sign to that (4,)  of ion 

The Watson Shell Model For. The Enrironmental Potential 

X [53-551. Thus 

For anions in crystals near their equilibrium geometries the behaviour of the 
Watson potential (22) is qualitatively similar to the model (19) because the potential 
inside a spherical shell of positive charge is both constant and stabilizing for an 
electron whilst (22) behaves as r ; '  outside the shell. Furthermore since the quantity 
R - R,, will be equal to the cation radius for the one geometry R = Re, the increases 
of both the Watson potential and that (19) from their constant values at  small r A  will 
start at  the same value of r 4 .  I t  has been further found 141 that for R = R', the constant 
kpm4 is approximately equal to the magnitude of the anion charge. This causes the 
environmental potential generated by the Watson model to be very similar to that (19) 
for this one value ( R , )  of R. However this is not the case for R values differing 
significantly from R, because the length of the constant region (19a) of the potential 
(19) increases with R whilst its depth decreases unlike that in the Watson model where 
this constant region of the potential remains unchanged as R is varied. Thus the 
potential (19) vanishes as R tends to infinity whereas this is not the case for the 
Watson model (22). The predictions generated using (19) are compared with those 
derived using the physically less realistic Watson model in section 2.5. 

The environmental potential (22) was introduced for cations [54,55] on the grounds 
that i t  was the application to these systems of the ideas of Watson [53 ] .  For cations 
in crystals having the NaCl structure as well as those having the fluorite structure, the 
environmental potential (22) generated by this Watson model is compared in Figure 
5 with the model potential (21) [4] described in the last subsection. Both potentials 
have the same mathematical structure because both are initially constant from rc = 0 
and decrease as r,' at larger distances. However the Watson model is very different 
physically from (21) since the cation radius is so much less than R that cation orbitals 
have appreciable magnitudes in the regions of space for which rC is greater than the 
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I Watson model potential True potential (3) 01 figure (4) 

Model potential 1211 

Figure 5 Comparison of different models for the spherically symmetric part of the environmental 
potential acting on a cation electron. (solid curves denote fluorite structure and dotted curves the NaCl 
structure). 

cation radius. This causes the orbitals computed using this Watson potential to be 
expanded relative to those of the free cation since the electron density will naturally 
be enhanced, at least slightly, in regions of space where the environmental potential 
is less repulsive than its constant value between zero and the cation radius. In contrast 
cation orbitals computed using the environmental potential (21) show no such expan- 
sions because the amplitudes of the orbitals have become negligible for values of rc 
much less than the value R at which F'i:!(rC;R) ceases to be constant and begins to 
decrease. No justification for the extension [54,55] of the Watson model to cations has 
ever been given. Furthermore since the resulting potential is qualitatively quite unlike 
the more realistic potential (3) of Figure 4, it must be concluded that it is incorrect 
to apply the Watson potential to cations and hence that the orbital expansions 
predicted with its use are spurious. For the fluorite structure these spurious expan- 
sions originating from the incorrect decrease of Fi f ! ( rC;R)  for rC greater than the 
cation radius are enhanced because the constant potential provided by the Watson 
model for smaller values of rC is too large. Thus for the Pb++ ion in the cubic form 
of PbF, the Watson model yields a constant potential equal to 0.87 a.u. whereas the 
correct value provided by (21) is only 0.67 a.u. at R = R,. These errors cause the 6s 
orbital computed using this Watson model to be too expanded having a mean radius 
of 2.60 a.u. compared with one of 2.23 a.u. calculated using the environmental poten- 
tial (21). The orbitals of the Pb++ ion generated by the latter computation are almost 
unchanged from those of the free Pb+'  ion. 

Here it is appropriate to note that the polarizabilities computed for cations in ionic 
crystals by Schmidt et al. [55]  are unreliable because the Watson potential was used 
to simulate the effects of the environment on the cation electrons. The polarizabilities 
they predict [ 5 5 ]  for free cations, where no environmental potential was used, are very 
reasonable agreeing to within 10% with the best values [44] currently available which 
are presented in Table 9. However their predictions [ 5 5 ]  for the polarizabilities of 
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cations in crystals are too large because the Watson potential was used to simulate the 
effects of the crystalline environment. For the larger and more polarizable cations in 
crystals, their predictions are usually too large by about 50%. 

I t  is interesting to extend the study, described in section 2.2(ii), of the cohesion of 
the NaF crystal at R = 4.5 a.u. to include the Watson model description (22) of both 
the cation and anion environments. For the F- ion, the rearrangement energy of 10 kJ 
mole-' and 2p  orbital mean radius of 1.22 a.u. are essentially unchanged from those 
predicted using the model (19) for the environmental potential. This shows that the 
F- ion wavefunctions generated by the two models are virtually identical. For the 
reasons discussed in section 2.2 this is not unexpected for an anion in a crystal having 
an R value close to R,. However use of the Watson model generates a wavefunction 
for the Na- ion that is slightly but significantly expanded compared with that of the 
free ion, the 2 p  orbital having a mean radius of 0.801 a.u. compared with one of 
0.797 a.u.. This expansion is sufficiently small that the computed short range repulsion 
V&+F-(R) remains unchanged from that reported in the last column of Table 4 whilst 
4 kJ mole-' of energy have been lost in making even this slight rearrangement of the 
electronic structure of the Na+ ion. Consequently the total rearrangement energy of 
14 kJ mole - '  is larger that of 10 kJ mole-' reported in the last column of Table 4. This 
causes the crystal cohesion of 904 kJ mole-' predicted using the Watson model for 
both the Na' and F- ions to be marginally less than that obtained (column 4 of Table 
4) using free Na' wavefunctions. In contrast to that generated using the Watson shell 
model, the wavefunction for the Na' ion computed using the physically realistic 
model (21) for the environmental potential acting on an Na+ electron is essentially 
identical to that of the free Na+ ion. This further illustrates the failure of the Watson 
shell model for cations. It can therefore be concluded from the calculations reported 
in Table 4 that the use of the environmental potential (19) for anions and that (21) 
for cations is to be greatly preferred over any of the other methods so far considered. 

2.3 

In this section the different methods which have been used to adapt the ion wavefunc- 
tions to the crystalline environment are further tested by comparing the predicted 
crystal properties with experiment. The function U L ( R )  for the crystal cohesion was 
computed using the most accurate expression that is currently available without 
considering 3-body terms, namely that (1 4). This procedure thereby includes both the 
short range correlation potentials V:Y!{;(.Y,~,.R) as well as the dispersion energy U,,,(R) 
calculated as described section 3 with the inclusion of the damping of the dispersive 
attractions within the closest cation-anion, cation-cation and anion-anion pairs. The 
short range correlation terms were computed from the approximation provided by 
density functional theory originally used by Gordon and Kim [8]. The uncorrelated 
short range interactions V,:.,, ( R )  within the closest cation-anion pairs were computed 
using the RIP programme which yields results which are exact once the wavefunctions 
for the two ions have been specified. The results reported in the first three numerical 
columns of Table 5 were derived with the uncorrelated short range interactions 
V&(xCCR)  and V , 0 4 , 4 ( ~ ~ 4 A R )  computed using the Lloyd and Pugh [56] variant of 
density functional theory. As discussed in section 4. density functional theory gives 
rise to several variants of which that due to Lloyd and Pugh is one of the two more 
reliable. Since the results reported in these three columns were obtained using the 
accurate expression (14) and differ solely in the method used to adapt the wavefunc- 

Conrpurison Of Wuvefunction Aduption Methods 
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Table 5 Comparison of different methods for adapting ions wavefunctions to the crystalline environ- 
ment‘ I .XI 

Model environmental potential 

free Watson model modeV‘l exptfsJ 
(19)  f ( 2 1 )  (19)  f (21)  

D, 951 1006 1001 1038 1036 
LiF Re 4.19 4.02 3.99 3.885 3.806 

B 5.08 8.63 1.05 8.16 6.98, 1.2, 8.61 

0, 930 940 934 944 942, 953 
AgF Re 4.73 4.65 4.70 4.642 4.658 

B 6.29 1.46 6.40 6.31 

D, 2330 2385 2406 2433 249 I 

B 5.31 9.39 6.26 6.56 6.53 
PbFz R, 5.05 4.11 4.90 4.866 4.861 

“’All results from [4] and computed from expression (14) for U,(R) thus including both the short range 
correlation term V:!,?i(xxyR) and the damped dispersion energy Ud,,Tp(R). 
(‘I Vp,, ( R )  computed using the RIP programme but Vfcc(X,, R) and V:AA(.xA, R )  calculated from the Lloyd 
and Pugh [56] variant of density functional theory except for the last column where these latter two 
potentials were also computed using the RIP programme. 
l3’Lattice energies D, in kJ mole-’ , closest equilibrium cation-anion separations R, in a.u. and bulk 
compressibilities B in 10’’ Nm-‘. 
‘‘’Method of calculations differs from that in previous column as explained in note (2) 
‘5’See (41 and [5] for sources of experimental results. 

tions to the crystalline environment, their comparison provides a useful test of the 
different descriptions of the environmental potential. The results presented in the 
fourth column differ from those of the third only in that the two short range 
interactions V$,(xcc R) and VsOAA(xAAR) were computed using the RIP programme 
rather than density functional theory. 

There are five main conclusions to be drawn from the results assembled in Table 
5. Firstly the use of free ion wavefunctions predicts insufficiently strong binding as 
manifested by calculated lattice energies and compressibilities that are too small and 
calculated R, values that are too large (column 1). This shows that the environment- 
ally induced modifications of the ion wavefunctions cannot be ignored if the crystal 
properties are to be described accurately. 

Secondly the calculations (column 2 )  using the Watson shell model to describe the 
environmental potentials agree better with experiment than those derived using free 
ion wavefunctions. The anion wavefunctions used in the Watson model calculations 
will be quite accurate for R values in the vicinity of Re because these functions are 
similar to those derived using the more accurate representation (19) of the environ- 
mental potential. The wavefunctions computed for the light cations Li+ and Na+ are 
very little affected by the Watson shell potential even though this is qualitatively 
incorrect. Hence for LiF the results (column 2) predicted through its use are very 
similar to those column (3) derived using the more accurate environmental potentials 
(19) and (21). This is also the case for NaF and NaCl, the results for these systems 
being presented in Table 5 of [4]. 

The third conclusion to be drawn from Table 5 is that the predictions obtained for 
PbFz using the Watson shell model are not entirely satisfactory because these un- 
derestimate the lattice energy D, whilst predicting too high a bulk compressibility with 
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too small an equilibrium closest cation-anion separation R',. This is an undesirable 
combination of errors. This calculation fails because use of the Watson shell potential 
generates a Pb++ wavefunction which is far too expanded thus predicting a Pb++ 
rearrangement energy as large as 187 kJ mole I .  Use of the more realistic model (21) 
for the environmental potential yields a Pb" rearrangement energy of only 0 . 5 k J  
mole-' for R values close to R,. The excessive expansion of the Pb++ ion generated 
using the Watson model potential originates from the physically incorrect form of  this 
potential that is shown in Figure 5. 

The fourth conclusion to be drawn from Table 5 is that the results (column 3) 
computed using the en\iironmental potential (21) for the cations and (19) for the 
anions are in much better agreement with experiment than those computed using 
either free ion wavefunctions (column 1) or the Watson shell potential (column 2). In 
particular the unsatisfactory features of the predictions for PbFz (column 2) are 
eliminated when the physically realistic environmental potentials (1 9) and (2 1) are 
used in place of the Watson shell potential. Figure 6 illustrates the qualitative 
differences between the cohesive energy curves U , ( R )  generated using these three 
methods. For R values in the vicinity of R ,  the use of the environmental potentials (19) 
and (21) yields the most negative values of t;,(R) whilst the use of free ion wavefunc- 
tions produces the least negative ones (curve 1 in Figure 6). For these R values, the 
energies U , ( R )  (curve 2 in Figure 6) computed using the Watson shell potential lie 
between the free ion ones and those derived using (19) and (21) although they are 
significantly closer to the latter. As R tends to infinity the environmental potentials 
(19) and (21) tend to zero so that the ion wavefunctions computed pass smoothly over 
into those of the free ions. Consequently, for large R values the U,-(R) curve predicted 
using (19) and (21) approaches that computed using free ion wavefunctions. In the 

ee,i Currenl enYdlrOrneniP1 

model (19) + (21) 

Figure 6 Comparison of crystal cohesive energy functions L J L ( R )  predicted using different models for the 
crystalline environment. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
5
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



INTER-IONIC POTENTIALS 55 

limit that R tends to infinity all the inter-ionic potentials V,’xy (x, ,R) vanish so U,(R) 
also tends to zero for both the free ion model (curve 1 of Figure 6) as well the curve 
3 generated using (19) and (21). This is however not the case for the U,(R) curve 
calculated using the Watson shell potential because neither the radius of this shell 
being taken as the ionic radius nor the charge carried by the shell change with R. 
Consequently the same ion wavefunctions are used for all values of R thereby causing 
U,(R) to tend to the total rearrangement energy rather than to the correct value of 
zero. If this overestimation of U,(R) at large R is very pronounced, as is the case for 
PbF,, then the entire curve will be skewed. For PbF, this explains both why the bulk 
compressibility is so greatly overestimated and why R, is underestimated even though 
the predicted 0, is less than that derived using the environmental potentials (19) and 
(21). For systems such as LiF where the incorrect behaviour at large R is less 
pronounced because the rearrangement energy derived from the Watson model is less, 
the skewing of the curve in the vicinity of R, is sufficiently small that the shortcomings 
of this model are not noticable. 

It can be concluded both by comparing with experiment the results in the first three 
columns of Table 5 as well as by examining Figure 6 that the use of the environmental 
potentials (19) and (21) is to be greatly preferred either to invoking the Watson shell 
model or to neglecting altogether the effects of the crystalline environment. In 
particular the environmental potentials (19) and (21) do not suffer from any of the 
defects of the other potentials considered. Although one should expect further re- 
search to produce more accurate representations of the environmental potentials, one 
should not expect these to show any major qualitative differences from those (19) and 
(2 1) because these correctly model the dominant features of the ‘true’ environmental 
potential. 

The fifth main conclusion to be drawn from the results assembled in Table 5 is that 
one should avoid using density functional theory to compute the uncorrelated short 
range potentials even within pairs of ions such as the closest cation-cation and 
anion-anion ones which are not those having the smallest inter-ionic separation (R). 
Thus the results reported in column 4 derived using the RIP programme to compute 
all three uncorrelated short range potentials V,OCA(R), V$-(xCCR) and VP,,(xAA R )  
agree significantly better with experiment than do those (column 3) in which the latter 
two uncorrelated short range potentials were computed using the Lloyd and Pugh [56] 
version of density functional theory. However the errors introduced by using density 
functional theory for the latter two inter-ionic potentials are not so major as to 
invalidate the conclusions concerning the merits of the different environmental poten- 
tials which were drawn from the results presented in the first three columns of Table 
5. 

2.6 Summary 

Anions are significantly affected by the crystalline environment which contracts their 
charge distributions and reduces their polarizabilities when compared with the free 
ions. The reduction of the uncorrelated short range repulsion between an anion and 
its closest cation neighbours that accompanies the contraction of its charge density is 
appreciable and therefore cannot be neglected in calculations aiming for high ac- 
curacy. The model potential (1 9) for representing the spherically symmetric part of the 
environment potential acting on anion electrons contains the qualitative features of 
the true potential. This model would seem to be the best currently available for 
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calculating anion wavefunctions adapted to the crystalline environment which 
wavefunctions can then be used as input to a programme such as RIP to compute the 
inter-ionic potentials. Other possible models for the environmental potential are 
reviewed elsewhere IS]. 

Cations having s' or p6 outermost electronic configurations are essentially unaffect- 
ed by their environment in the crystal and thus have the same charge distributions and 
polarizabilities as those of the free ions. The Watson shell model potential ( 2 2 )  for 
representing the influence of the environment on cation electrons is qualitatively 
incorrect and its use can yield cation wavefunctions that are spuriously expanded 
compared with those of the free ion. This objection does not apply to the model (21) 
of the spherically symmetric part of the environmental potential for cation electrons. 

3 .  DAMPING O F  RELIABLY CALCULATED INTER-IONIC DISPERSIVE 
ATTRACTIONS 

3.1 Theory Of The Dispersive Attractions 

3.1 (i) 
It is helpful to begin the study of the dispersive attractions in ionic crystals by 
considering the interaction of just two ions to be designated a and 6.  The simplest 
wavefunction for this pair is constructed as the product of the ground state wavefunc- 
tion of ion a with that of ion b, which product is anti-symmetrized in order to take 
account of the Pauli principle. Such a wavefunction is not an exact eigenfunction of 
the full Hamiltonian operator for this pair because this operator contains terms, to 
be called the interaction Hamiltonian, which are illustrated in Figure 7. The interac- 
tion Hamiltonian is the sum of the terms which describe the attraction of the electrons 
on ion a to the nucleus of ion b, the attraction of the electrons on ion b to the nucleus 
of ion a,  and the repulsion between the electrons on ion a with those on ion b. The 
evaluation of the energy using the full Hamiltonian but the above simplest wavefunc- 
tion corresponds to treating the interaction Hamiltonian to just first order in pertur- 
bation theory. After subtracting the energies E , ( R )  and E,(R) of the non-interacting 
species, this approximation yields the interaction energy V~b((x,~ R ) .  It is the treatment 
[20] of the interaction Hamiltonian to second order in perturbation theory, using a 
second quantized formalism taking account of exchange of electrons between the ions, 
that yields the interaction energy ( &(xo,R)) already presented in equation (12). The 
second ( V t F p ( ~ , , R ) )  of the two terms in (12) additional to Vf,,((XnbR) constitutes the 
dispersive attraction between the two ions. Although this term does not involve the 
exchange of electrons between the ions and does not vanish in the limit that the 
overlap of the ion wavefunctions has become negligible, it is still valid even when such 
overlap is appreciable. 

The dispersive attraction within a single pair of ions 

Figure 7 The electrostatic terms composing the interaction hamiltonian for the pair of ions a and h. (cross 
denotes an electron of ion a and the circle that of ion b)  
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The dispersive attraction V y / p ( ~ , b R )  can be derived more conventionally [57] 
without recourse to a second quantized formalism by taking the unperturbed ground 
state to be just the simple product of the ground state wavefunctions of the two ions 
without introducing the anti-symmetrizer that takes account of the exchange of 
electrons between them. Starting from this assumption, the generation of the disper- 
sive attraction by treating the interaction hamiltonian to second order in perturbation 
theory confirms that this attraction does not originate from processes involving any 
exchange of electrons between the two ions. As derived by both Kreek and Meath [57] 
and Boehm and Yaris [20] V y $ P ( ~ , b R )  does not take the familiar form of a series of 
terms the leading member of which is a dispersion coefficient divided by (x , , ,R)~ .  The 
form for the dispersion energy in (12) derived by Kreek and Meath is designated the 
non-expanded dispersion energy; the result derived by Boehm and Yaris is identical 
although it appears in a different mathematical form. The non-expanded dispersion 
energy is valid for all internuclear separations x,R and does not diverge when xObR 
tends to zero. Currently there seem to be two different methods for manipulating the 
non-expanded dispersion energy with the aim of converting it to a form which is both 
physically more transparent and of greater utility computationally. In the first of 
these, the theory is formulated in real space and the interaction Hamiltonian expand- 
ed into a multipole series. In the second approach, the theory is formulated in 
momentum space and the interaction Hamiltonian is expanded into a series of terms 
containing spherical harmonics and spherical Bessel functions. 

It is the first of these procedures [57,58] in which the interaction Hamiltonian is 
expanded in the multipole series that yields the most familiar form for the dispersion 
energy where this is expressed as a series of terms involving inverse powers of xub R .  
This multipole expansion, which is only valid if the overlap between the ion wavefunc- 
tions is negligible, converts V ~ f p ( x O b R )  into the form K$i$ (xUbR) called the expanded 
dispersion energy [57] 

X 

K% (xabR) = - C cn(ab) ( ~ u b R ) - ’ ~  (23) 
n=6.8.even 

Here Cn(ab) is a dispersion coefficient which is independent of the distance xUb R. The 
series (23) does not converge if all the infinite number of terms in it are summed. 
Although (23) is not a convergent series, it provides an asymptotic representation [59] 
in that the terms initially decrease with increasing n and then for larger n start to 
diverge. The optimal approximation is provided by summing all the terms up to the 
smallest one, including only one half of the latter [58]. The first term in (23) - c6(ab) 
(xUh R ) - 6  is called the dipole-dipole dispersion energy because i t  originates from the 
interaction of an instantaneous dipole moment on one ion with the dipole induced on 
the other ion by the first instantaneous dipole. The second term - c,(ab) (x , ,R) - ,  is 
designated the dipole-quadrupole dispersion energy since it arises from the interaction 
of the quadrupole moment on one ion induced by the instantaneous dipole on the 
other ion. Typically the dipole-dipole dispersion energy is significantly larger than the 
dipole-quadrupole dispersion energy, by a factor 3 to 4 for moderate values of x,,R. 
It is not common to consider the terms in (23) having higher values for n partly 
because these are expected to be small and partly because knowledge of the corres- 
ponding dispersion coefficients is extremely limited. Thus, even for pairs of inert gas 
atoms, there are no reliable values for the C,(ab) coefficients having n greater than 10, 
whilst even the C,,(ab) coefficients are not known for pairs of ions in crystals. The 
expanded form (23) for the dispersion energy is often called the undamped dispersion 
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energy, as indicated by the subcript ‘un’. in contrast to the damped dispersion energy 
that is derived by using the second of the two possible expansions of the interaction 
Hamiltonian which was discussed above. 

Use of the undamped dispersion energy (23) for the closest pairs of ions is apriori 
inconsistent. Thus (23)  is not valid if the overlap between the ion wavefunctions is not 
negligible. However for R values in the vicinity of R ,  this overlap cannot be negligible 
because it is the origin of the short range repulsive forces which prevent an ionic 
crystal from collapsing under the coulombic attractions between the ions. An alter- 
native expansion of the dispersion energy [P(xuhR), valid for non-zero overlap of 
the ion wavefunctions. can be derived [6.7] by working in momentum space and then 
expanding the interaction hamilonian, not in the multipole series, but into a series of 
terms each containing spherical harmonics and spherical Bessel functions. This pro- 
cedure, whose mathematical details need not be presented here, yields the damped 
dispersion energy 

V$P(X<,~R) = - x z ’ ( - ~ , ~ R )  c,(ab)(.~,,R)-” (24) 
n =6.8.e\en 

This result differs from the undamped dispersion energy (23) in that each term is 
multiplied by a dispersion damping function X ; ~ ( X , , R ) .  These functions are unity for 
distances .-cub R which are sufficiently large that the overlap of the ion wavefunctions 
is negligible. However the X ; ’ ( X , ~ R ) ,  although always positive, become less than unity 
for distances .-cub R at which ion wavefunction overlap is appreciable. The dispersion 
damping functions thus reduce the magnitudes of the undamped energies 
- C,,(ab)(x,,R)-” when this overlap is not negligible. For  inter-ionic distances where 
this overlap is appreciable. the damping functions x ; ~ ( . Y , ~ R )  decrease rapidly with 
increasing iz so that terms with high n in (24) are unimportant. At large ( X , b R )  where 
the dispersion damping functions approach unity, the (xObR)-” dependence ensures 
that terms with large n are unimportant. Thus, in contrast to the undamped dispersion 
energy (23)? the damped dispersion series can be expected to be convergent rather than 
asymptotic with the sum of all the terms on the right hand side of (24) reproducing 
the value on the left hand side. 

3.lfii) The totat dispersion energy of an ionic crystal 
The total dispersion energy of an ionic crystal can be derived by slightly generalizing 
the approach just outlined for the interaction of a single pair of ions. The hamiltonian 
for all the electrons in the crystal is partitioned into a sum of purely intra-ionic terms 
plus a sum of inter-ionic interaction terms. The latter consists of the sum over all pairs 
of ions of the interaction hamiltonian described above for a single pair of ions. 
Treatment of the latter sum to second order in perturbation theory then shows that 
the total dispersion energy is composed of a term of the type (24) for each pair of ions 
in the crystal, augmented by three-body and higher order multi-body terms. In the 
limit that the overlap of the ion wavefunctions is negligible, the leading contribution 
to the 3-body energy reduces to the sum over all tripfes of ions of the Axilrod-Teller 
or triple dipole dispersion energy [60] for a single ion triple. 

After neglecting all 3-body and higher order multi-body contributions to the total 
crystal dispersion energy, this reduces to that designated Ud,Jp(R)  which consists of the 
sum of the interactions (24) for all pairs of ions 
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Nm"- ' N,," Ic 

Ud,,(R) = - c 1 c X i b ( X U b R )  c,(ab)(x,,R)-" (25 )  
a =  I b=u+ I n=6,8.even 

Since the dispersion damping functions only deviate from unity when ion wavefunc- 
tion overlap is non-negligible, all the dispersion damping functions in (25) can be 
replaced by unity excepting those for the closest cation-anion, cation-cation and 
anion-anion pairs. After making these replacements and retaining only the di- 
pole-dipole and dipole-quadrupole terms, Udl,p ( R )  is given by 

UdfJP(R) = UEp(R) + K : p ( R )  (26) 
Here U g p ( R )  is the undamped dispersion energy of the crystal predicted if all the 
dispersion damping functions are replaced by unity whilst U&(R)  is the correction 
which replaces the undamped by the damped dispersion energy for those closest pairs 
of ions just mentioned. Hence this is given by 

U;:JR) = - c jncA(X:A(R)-I) C,(CA) R-" + (112) 

x [n, ,(xlCC(xcA- 1) cf,(XccR)-" + m n A A ( X ; ; l A ( X A A w -  1) cf,(AA)(xAAR)-"l)  

n = 6 , 8  

(27) 
In the undamped dispersion energy sum obtained by setting all dispersion damping 
functions to unity in (25) ,  both the dipole-dipole and dipole-quadrupole terms have 
a known inverse sixth or inverse eighth power dependence on the distances x,,R. 
Hence for given n the dispersive attraction between ion a of type X and ion b of type 
Y is related to attraction of the closest X Y  pair by multiplication by the factor 
(X,~/X,~)- '~ .  Since this factor is purely geometrical, all the terms having the same n and 
pertaining to the same type ( X Y )  of pair of ions in the expression yielding the 
undamped dispersion energy can be summed to yield a result proportional to R-". The 
undamped dispersion energy can therefore be expressed as 

ugp(R) = - c [S"(CA) C"(CA) + (1/2) (S,(CC) C"(CC) + nz Sn(AA))lR-" 
n=6 .8  

( 2 8 )  

Hence the constant S,,(XY) is a purely geometrical factor which yields the undamped 
R-" dispersion interaction of one ion of type X with all the other ions of type Y as 
- S,(XY)C,(XY)R-".  Numerical values of these constants for some common crystal 
structures have been presented elsewhere [4,5], at least two sets of workers concurring 
with these values. Errors in some previous calculations of these coefficients have been 
pointed out [5]. 

The evaluation through (26) to (28) of the total crystal dispersion energy requires 
knowledge of the C 6 ( X Y )  and C,(XY) dispersion coefficients and of the dispersion 
damping functions ~ t ~ ( x , , R )  and ~ f ~ ( x , , R ) .  The derivation of reliable values for the 
dispersion coefficients is discussed in section 3.3. The fundamental formalism de- 
veloped by Jacobi and Csanak [6] has been used [4] to derive approximate forms for 
the dispersion damping functions which, being rather complicated, need not be 
presented here. Each of the damping functions x ~ " ( x , , R )  depends on two dispersion 
damping parameters, one for each ion. As discussed more fully elsewhere [4,5], the 
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damping parameter for ion Xcan be calculated from the eigenvalues of the outermost 
orbital in the ground state and first relevant excited state of the ion. Here it is only 
necessary to point out that, although there is a loose correlation between these 
eigenvalues and the mean radii of the relevant orbitals, it appears to be undesirable 
to use this in the calculation of the dispersion damping parameters [4,5]. It is most 
likely that the results of Jacobi and Csanak [6] would have been improved had they 
derived these parameters from the eigenvalues and not the mean radii. Since the 
details of the calculation of the dispersion damping parameters and hence of the 
damped dispersion energy have been presented elsewhere [4,5] these need not be 
reported here. For this talk, it is only necessary to point out that the damped 
dispersion energy U , , ( R )  can now be calculated as had to be done in the ab-initio 
study [4] of the properties of ionic crystals. 

3.2 

The importance of the inter-ionic dispersive attractions and their damping originating 
from the overlap of the ion wavefunctions is illustrated by the results assembled in 
Table 6. Comparable results were found for all the crystals examined in the study [4]. 
In all these calculations the crystal cohesion U L ( R )  was evaluated from an expression 
which differs from (14) solely in the treatment of the contribution arising from the 
inter-ionic dispersive attractions. Thus in all these calculations all three uncorrelated 
short range interactions V:c.A(R), V ~ c , ( ~ ~ c c R )  and V!,, ( . Y , ~ ~  R )  were computed with 
the RIP programme using as input ion wavefunctions which had been adapted to the 
crystalline environment using the best of the models described in section 2, namely 
that based on  equations (19) and (21). Since furthermore the short range correlation 
terms V,'F;(.Y,\.).R) were also included in all three sets of calculations, these differ only 
in the computation of the contributions originating from dispersion. This contribu- 
tion was computed using the dispersion coefficients, damping functions and disper- 
sion damping parameters derived previously [4]. 

There are three main conclusions to be drawn from the results presented in Table 
6. The first of these is drawn by comparing with experiment the results presented in 
the first numerical column which were derived by omitting altogether the dispersion 
contribution U , , , ( R )  to the crystal cohesion. This comparison shows that insufficient 
cohesion is predicted with the omission of I ! I ~ , ~ ~ ( R ) ,  as manifested by predicted lattice 
energies and compressibilities that are too small, and equilibrium closest cation- 
anion separations that are too large. This shows that the dispersion plays a significant 
role in the cohesion of crystals such as AgF and PbF? for which the C,(XY) dispersion 
coefficients are appreciable on account of the high polarizability of the ions. 

The second conclusion is drawn by comparing with experiment the results assem- 
bled in the second numerical column which were derived by replacing U,,,(R) in (14) 
by U g p ( R )  (28) thereby omitting the damping of the dispersion which arises when the 
overlaps of the wavefunctions of the interacting ions are not negligible. The significant 
overestimation of the crystal cohesion as manifested by too large predicted lattice 
energies and compressibilities and too small predicted R, values shows the damping 
of the dispersive attractions is appreciable and cannot be neglected. This overestima- 
tion of the cohesion is especially marked for AgF where the dispersion accounts for 
some 7% of the total lattice energy. 

The results presented in the third numerical column of Table 6 were derived from 
(14) and thus include not only the dispersive attractions but also their damping 
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originating from the overlaps of the ion wavefunctions. The third conclusion to be 
drawn from Table 6 is that this damping is very significant and that it cannot be 
ignored in calculations aiming to achieve any reasonable degree of accuracy. Thus its 
incorporation eliminates the overestimation of the cohesion predicted (column 2 of 
Table 6) when the dispersion is introduced in its undamped form. Furthermore the 
results of the calculations including the damped dispersion are in very good agreement 
with experiment. A detailed analysis of the results shows that, for the closest-anion 
pairs in crystals having geometries close to equilibrium, the damping roughly halves 
the dipole-dipole dispersion energy whilst reducing the dipole-quadrupole energy by 
a factor of between three and four [4]. For the closest cation-cation and anion-anion 
pairs both the dipole-dipole and dipole-quadrupole energies are reduced to about 
80% of their undamped values at these crystal geometries. 

3.3 

3.3(i/ Oyerview 
The results presenlttd in Table 6 show that the dispersive attractions between the ions 
are sufficiently important that i t  is necessary to use accurate values for the dispersion 
coefficients C,(XY)  and C, ( X Y )  in high precision calculations of crystal properties. 
It is especially important to use accurate values for the C, (XY)  coefficients because 
the dipole-dipole dispersion energy makes the largest contribution to U+(R) ,  this 
being typically three to four times greater than the dipole-quadrupole term for 
crystals near their equilibrium geometries. Although it may seem to be a truism to say 
that one should use accurate values for the dispersion coefficients. a very large fraction 
of the literature concerning their numerical values for ions in crystals is unreliable. 
Thus, for a not inconsiderable number of such coefficients, one can find literature 
values differing by factors of up to six whilst for C,(F- F- ) values differing by a factor 
as large as 50 have been reported. For the C, (XY)  coefficients it is only surprisingly 
recently that these discrepancies have been resolved [49] and reliable values reported 
for them for ions in crystals. There is still a need for further progress in the determina- 
tion of C, (XY)  coefficients for ions in crystals although recent work has not only 
generated a number of accurate values for ions of low nuclear charge [50] but also 
provided values in error by no more than 25% for a much wider range of systems 
[4,50]. It has also been demonstrated [4,59] that a number of other approximate 
methods are untrustworthy because they generate results in error by several hundreds 
of percent. 

There are, in principle, three distinct approaches for deriving values of C,(XY)  
dispersion coefficients. In the first of these, the coefficients are deduced, using exact 
quantum mechanical formulae, from experimentally measured values of either the 
oscillator strength function or refractive indices [61,62]. However although this 
approach has provided reliable values of C,,(XY) coeffients for species in the gas 
phase, its application to ions in solids encounters problems, reviewed elsewhere [5 ] ,  
that render its predictions untrustworthy. The second approach for deriving values of 
C , ( X Y )  coefficients is to compute these ab-inifio using the methods of non-relativistic 
quantum chemistry. Special techniques [46J have to be used to describe the influence 
of the crystalline environment on the pair of ions X and Y for which the C,(XY)  
coefficient is to be computed. Although this is a most promising approach, at least for 
ions of not too high atomic numbers, it has so far been applied only at the Coupled 
Hartree-Fock level which does not take full account of electron correlation. Never- 

The Derivation Of Reliable Values For The Dispersion Coeficients 
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theless it has provided the most accurate values currently available for C,(XY) 
coefficients for ions in crystals [50]. Although such computations have provided 
valuable insights in the mechanisms through which c6 (XY) coefficients are influenced 
by the crystalline environment [49], the incomplete treatment of electron correlation 
has prevented them from yielding numerical values more accurate than those pro- 
vided by the third approach. The third approach for determining C, (XY) coefficients 
is either to use a semi-empirical formula such as that due to Slater and Kirkwood [63] 
or to envoke a simple non-empirical approximation such as that due to Starkschall 
and Gordon [64]. The latter expresses the C,,(XY) coefficients having n greater than 
6 in terms of the C,(XY) coefficient and the expectation values of various powers of 
the electron nuclear distances taken over just the ground state wavefunctions of the 
interacting species. Even though the Starkschall Gordon formula usually un- 
derestimates C,(XY) dispersion coefficients by some 10% to 20%, it had to be used 
[4] for those systems containing heavy ions for which ab-initio quantum chemistry 
computations are not feasible. Here the derivation of C,(XY) dispersion coefficients 
will not be considered further partly because these are less important than the c6(xY) 
coefficients and partly because knowledge of methods for their derivation as well as 
of their numerical values is still in the process of evolution. Our current state of 
knowledge of these matters is reviewed in [ 5 ] .  

3.3(ii) 
formula 
Currently it is judicious application of the Slater-Kirkwood formula that yields the 
most accurate values for c6(XY) dispersion coefficients for ions in crystals. The 
reliability of a wide range of semi-empirical methods for determining C, (XY) disper- 
sion coefficients was tested [4] by comparing their predictions for gas phase species 
against values accurately known either by derivation from experimental data [61,62] 
or from accurate ab-initio quantum chemistry calculations. These tests revealed that 
all the methods examined were unreliable with the exception of the Slater-Kirkwood 
formula. This relates C,(XY) to the static polarizabilities ax and c ly  and electron 
numbers Px and Py of the interacting species [63]. Thus 

Derivation of C, (XY) dispersion coeficients from the Slater-Kirkwood 

C, (XY)  = (3/2) axaY/[(~x/Px>"2 + (~Y/pY)"zl (29a) 

C,(XX) = (3/4) a12 P:'Z (29b) 

i.e. 

The more recent derivation [65] of the Slater-Kirkwood formula considerably 
generalizes the original derivation thereby justifying the use of the most accurate 
values currently available for the polarizabilities. Both this generalization as well as 
the relation of the Slater-Kirkwood formula to other approximate results have been 
reviewed elsewhere [5 ] .  

The Slater-Kirkwood formula provides a rigorous upper bound to C,(XY) if the 
electron numbers Px and Py are taken to equal the total numbers of electrons on the 
species X and Y respectively [65]. However, for all but the lightest systems, this upper 
bound does not provide a useful estimate of c6(xY) because the dominant contribu- 
tions to the dipole-dipole dispersion energy come from only the most loosely bound 
electrons. Thus, for example, c6(HgHg) is predicted [49] to be 1330 a.u. if P,, is taken 
to be 80 whilst the experimental value of C,(HgHg) is only 240 a.u. [66]. An investiga- 
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Table 7 Electron numbers derived from species indicated and used for iso-electronic ions"," 

Species He Ne  A r  Kr Xe  Ag+ Hg 
Elecrron number 1.430 4.455 6.106 7.305 7.901 5.863 2.605 

'"Taken from [4] and derived from Slater-Kirkwood formula (29b). 
"'For all the neutral species polarizdbilities and C , ( X X )  coefficients were derived from either experiment 
or accurate ah-initio quantum chemistry calculations taking account of electron correlation. For Ag+ these 
two quantities were taken from the density functional calculations [67] for an isolated ion. 

tion [4,49] of the best way of choosing the electron number showed that this should 
be taken to be the value which reproduces in (29b) the exact C , ( X X )  coefficient of the 
isoelectronic rare gas from the exact polarizability of that gas. The resulting electron 
numbers are assembled in Table 7. For the TI+ and Pb+ + ions, the electron number 
is derived from the polarizability and C , ( X X )  coefficient for Hg [66]. To derive the 
electron number for Ag+, one has to use the polarizability and c 6 ( X X )  coefficient 
computed [67] using density functional theory because there are no reliable data for 
any isoelectronic system. 

Reliable predictions of the c6(xY) coefficients from the Slater-Kirkwood formula 
require accurate values for the static polarizabilities. It should be pointed out that for 
most ions there is a surprisingly wide range of values reported for the polarizabilities. 
Recent work [44,46-491 has not only shown why a very significant fraction of the 
earlier literature is unreliable but also presented accurate and trustworthy values for 
the static polarizabilities of a wide range of ions. These polarizabilities were obtained 
by combining experimental refractive index data with the results of ab-initio quantum 
chemistry computations. For a crystal, the total molar polarizability, denoted u,,, can 
be derived using the Clausius-Mosotti relationship from the crystal refractive index 
extrapolated to infinite wavelength. The molar polarizability thus derived is then 
written as a sum of cation rc  and anion r,4 contributions. 

rcr  = ac + m z A  (30) 
Significant errors can be introduced if acr is derived from refractive index data which 
has not been extrapolated to infinite wavelength [44]. The polarizabilities of the small 
cations Li+, Na', K+ ,  M g + +  and Ca++  are not only accurately known from ab-initio 
calculations taking account of electron correlation but are also independent of the 
particular crystal in which they are embedded [46,47]. The polarizabilities of anions 
in salts with these five cations can then be determined from the experimental values 
of ucr by applying (30). In contrast to the cations, the anion polarizabilities are found 
to depend on the crystal. For halides, the values of r,  deduced through (30) are found 
to depend solely upon rhe closest cation-anion separation R and to be independent 
of the crystal type. For example, the fluoride ion polarizability in MgF, is the same 
as that in LiF because both these crystals have the same value of R even though the 
structures of these two crystals are naturally different. For halide ions the dependence 
of aA on R can be represented as 

The polarizabilities of both the O - -  and S - -  ions in their salts with the above five 
small cations have also been deduced from the experimental values of u,, by applying 
(30). In contrast to halide ions, the polarizabilities of both 0-- and S- -  are found 
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to depend on the crystal structure as well as on R. For oxides and sulphides having 
the NaCl crystal structure, the anion polarizabilities can again be represented by a 
relation of the type (3 1) but with C set to zero. The numerical values of the constants 
A ,  Band C for both halide ions and 0-- and S- -  ions are assembled in Table 8. This 
data taken in conjuction with (31) enables one to predict the polarizabilities of these 
six anions in salts formed with cations other than Lit, Na+, Mgf + and Ca++.  Hence 
the polarizabilities of these other cations can be found through (30) from the ex- 
perimental values of acr. The consistency of the cation values obtained [44] from salts 
formed with different anions not only confirms the validity of this procedure but also 
shows that the polarizabilities of cations having s2 or p6 outermost electronic con- 
figurations are independent of the crystalline environment. The correctness of this 
method was also corroborated by the agreement between the Rb+ polarizability thus 
deduced [44] with that subsequently predicted [49] from ab-initio calculations includ- 
ing electron correlation. The polarizabilities of the heavier alkali and alkaline earth 
cations as well as those of Ag+, T1+ and Pb++ deduced from experimental a,, values 
are presented in Table 9 along with those of the five light cations. In contrast to the 
polarizabilities of cations having s2 or p6 outermost electronic configurations, the 
polarizability of 1 I .8 a.u. for Ag+ in AgF differs significantly from that (9.2 a.u. [44]) 
of the free Ag+ ion. For Ag+ the deduction of an in-crystal polarizability different 
from that predicted by the free ion calculations [67] used to derive the electron number 
in Table 7 is entirely consistent with the approach of determining the electron 
numbers from data for an iso-electronic system. The physical origins of this environ- 
mentally induced enhancement of the Ag+ polarizability have been discussed else- 
where [44]. 

Table 8 The constants A ,  E and C yielding the dependence of anion polarizabilities on the closest 
cation-anion separation"." 
~~ 

Anion F- CI Br I 0-  - S' 
~ 

A 1.201 1.473 1.562 1.916 1.706 1.780 
B - 9.204 -3.370 - 1.582 - 15.71 - 10.31 - 6.946 
C 44.30 - 23.47 - 53.40 176.2 0.0 0.0 

"'Anion polarizabilities given by (31) given cation-anion separation R and the above constants A ,  B and 
C taken from [44]. All quantities in a.u. 
'"For halide ions the constants are independent of the crystal structure. Those for the oxide and sulphide 
ions only apply to crystals having the NaCI structure. 

Table 9 Static polarizibilities of cations (a.u.)"' 

Ion (XI CfX Ion (A') CfX 1011 ( X i  2 .S 

Li + 0.192 Be+ + 0.052 TI+ 28 
Na+ 1.002 Mg++ 0.486 Pbt + 17.9 
K +  5.339 c a + +  3.193 Ag+ in AgF 11.825 
Rb+ 9.05 Sr++ 5.20 
cs + 15.28 Bat+  10.1 

"'From accurate non-relativistic quantum chemistry computations including the effects of electron correla- 
tion for Li+, Na+, K +  [47], Mg++ and Ca++ [48]. From such computations [49] and experimental refractive 
index data after subtracting anion polarizabilities derived from equation (3 1) for Rb+. From experimental 
refractive index data after subtracting anion polarizability predicted by (31) for Cs', S r t + ,  Ba", Ag+, 
TI+ and Pb++ 1441. From coupled Hartree-Fock theory [91] (neglects electron correlation) for Be++ 
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The most reliable values currently available for the C , ( X Y )  coefficients for ions in 
crystals are deduced [49] from the Slater-Kirkwood formula using the electron num- 
bers reported in Table 7 and the cation polarizabilities presented in Table 9. For salts 
containing the cations listed in this Table the anion polarizabilities are derived 
through (30) by subtracting the cation polarizabilities from the experimental values 
of a<,, whilst for salts with other cations the values of r A  are deduced from (31) and 
the cation polarizabilities then derived from (30). The c6(xY) coefficients derived by 
this method are slightly but significantly more reliable than those predicted from 
ab-initio quantum chemistry calculations at the Coupled Hartree-Fock level because 
the contributions to the C 6 ( X Y )  coeflicients arising from electron correlation are 
larger than the errors introduced by using the Slater-Kirkwood formula with the 
electron numbers of Table 7. For pairs of light ions i t  is now technically possible to 
refine the non-relativistic ab-inirio computations to take account of electron correla- 
tion. However, for large anions such as Br- and I- in crystals containing cations as 
heavy as lead, such computations are not feasible even at the Coupled Hartree-Fock 
level partly on account of the large numbers of electrons they contain and partly 
because of the importance of relativistic effects. Hence, for such systems, it appears 
that the Slater-Kirkwood formula will have to be used for the foreseeable future. It 
should be pointed out that the values for C 6 ( X Y )  coefficients which had been cal- 
culated using the Slater-Kirkwood formula before the work of Fowler et al. [49] are 
seriously in error either because inappropriate values for the electron numbers were 
employed or because incorrect values were used for the ionic polarizabilities. This 
earlier unreliable work has been fully discussed elsewhere [49]. 

4. AVOIDANCE O F  DENSITY FUNCTIONAL DESCRIPTIONS O F  THE 
UNCORRELATED POTENTIALS 

4.1 Overview 

A number of different variants of density functional theory have been used to 
calculate the interaction energies of closed shell atoms and ions since this method was 
suggested by Lenz and Jensen (see Gombas [68]) and first applied numerically by 
Massey and Sida in 1955 [69,70]. The variant often known as the Gordon-Kim 
method differs from that of Massey and Sida solely by introducing a contribution 
from the correlation energy. This method has been extensively used (e.g. 
[10,19,71-751) to investigate ionic solids since its first application to study the interac- 
tion of pairs of rare gas atoms [8]. 

It is the Hohenberg-Kohn theorem [76] which, from a modern perspective, provides 
the theoretical justification for trying to develop and refine density functional theory. 
This theorem states that the energy of any system of electrons is a unique functional 
of the electron density distribution. This provides the rationalization for the basic idea 
behind current calculations based on density functional theory which is to express the 
total electronic energy as an integral over all space of local energy contributions which 
are determined solely by the local electron density and its gradients. In the density 
functional approach, the uncorrelated short range interaction V,!x,(xxyR) is decom- 
posed into coulomb V;F/(s,,R), kinetic energy V , k y ( - ~ x y R )  and exchange V;,(x,,R) 
contributions so that 

V : x y ( ~ ~ x y R )  = V:F/(-Y,~R) + V&(x,,R) + VFY(xxyR)  (32) 
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INTER-IONIC POTENTIALS 61 

The coulomb term, which is the purely electrostatic contribution to V ~ x y ( x , y R )  that 
would arise in the absence of any exchange of electrons between ion X and ion Y, is 
calculated exactly. This term is quite different from the point coulomb q x q y / ( x x y R )  
contribution to the total uncorrelated interaction V i y ( x x y R ) .  Thus V;g(x, ,R)  is 
that part of the non-exchange electrostatic interaction remaining after the point 
coulomb term has been subtracted. ViP;(xXyR) is therefore a short range term which 
is only non-zero when the overlap of the densities of the two ions is not negligible, For 
realistic ionic separations V$$(xxyR) is usually an order of magnitude smaller than 
V ~ x y ( x , y R ) .  The exchange term VFy(xxyR)  arises from that part of the electron-elec- 
tron repulsion which involves the exchange of electrons between the ions. Both the 
kinetic energy and exchange contributions to V~',(x,,R) are computed using the 
density functional approach as the difference between the kinetic (exchange) energy 
in the interacting pair and the sum of the kinetic (exchange) energies of the non- 
interacting ions both having the non-stationary wavefunctions optimal for the crystal- 
line environment. Since the Hohenberg-Kohn theorem shows that these energies are 
uniquely defined by the electron density, these are given by 

(33) 
where g denotes the type of contribution, thus being ke for the kinetic energy and ex 
for the exchange term. The quantities E"[@(r)] and E'"[e(r)] are the kinetic and 
exchange functionals whose values at the position r are determined by the behaviour 
of the electron density e(r). The notation used should not be taken to imply that these 
functionals are necessarily determined solely by the value of e(r), it being possible that 
the gradients or maybe some other properties of the electron density are required to 
define these functionals completely. In (33) ex(r) and ey(r) are the electron densities 
of the isolated ions X and Y in their non-stationary states whilst er(r) is the total 
electron density originating from the pair of ions when these are separated by the 
distance xxy R. It is a computationally trivial matter to generate the densities ex@) and 
e y(r) of the non-interacting ions from the appropriate wavefunctions. 

Although the Hohenberg-Kohn theorem shows that the expression (33) for both 
the kinetic and exchange contributions to the interaction energy is formally exact, its 
implementation is necessarily approximate not only because the exact electron den- 
sities are not available but also because the precise forms of the functionals Ek'[@(r)] 
and E"[Q(~)] are not known. For the closed shell systems of interest here, the density 
eT(r) of the interacting pair has almost invariably been taken to be the sum of the 
densities of the individual ions, so that 

VMx,YR)  = j(fl[eAr)I - Eg[e,dr)I - F[eY(r)l)cir 

e m  = ex@) + eu(r) (34) 
Evidence for the accuracy of this approximation has been reviewed in detail elsewhere 
[5,9]. The functionals Eke [~(r)] and E" [~(r)] have often been approximated by assum- 
ing that the electron density of the system of interest varies sufficiently slowly in space 
that at each point the functionals can be taken to equal those for a non-relativistic 
infinite electron-gas having a uniform density equal to that of the electron density of 
the system at that point in space [77]. This approximation has been used in the vast 
majority of calculations based on density functional theory including all applications 
to ionic solids. In this case, the functionals are given by 

Ek'[@(r)] = Fke(3/10) ( 3 7 ~ ~ ) ~ ' ~  [ ~ ( r ) ] " ~  (35) 

E"[e(r)] = Fey( - 3/4) ( 3 / ~ ) ' ' ~  [~(r)]"" (36) 
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with the parameters Fk' and F" both equal to unity. However evidence accumulated 
rapidly [56,78-831 which showed that the original implementation of density function- 
al theory by Gordon and Kim [8] was not completely satisfactory because this usually 
underestimated the repulsion by a factor of between two and three for realistic 
interatomic separations. The most clearcut demonstration of this failure is provided 
by comparing [83] the interaction energies Vfx , (xxyR)  calculated using the RIP 
programme with those computed using density functional theory, typical results being 
presented in Table 10. It can be seen that almost all of the repulsions calculated using 
the original Gordon and Kim method [8] and presented in the fifth column of 
interaction energies in Table 10 are smaller by factors of about two than those 
computed using the RIP programme [83]. The properties of ionic crystals predicted 
by Kim and Gordon [71] using the original Gordon and Kim method [8] and 
wavefunctions of the free isolated ions were in fair agreement with experiment because 
the errors introduced by using free ion wavefunctions and neglecting all short range 
interactions excepting that within the closest cation-anion pairs partially masked the 
shortcomings of the original Gordon and Kim method [8]. Thus the underestimation 
of the uncorrelated short range repulsions ~ ' y ( x x y R )  introduced by using the 
original Gordon and Kim approach [8] for VPCA(R) and neglecting VPAA(xAAR) and 
VP,,(xccR) were partially cancelled by the overestimation of VfCA ( R )  introduced by 
using free ion wavefunctions. 

Although the Hohenberg-Kohn theorem [76] shows that there exist exact kinetic 
energy and exchange functionals, those (35) and (36) will be in error for two different 
but related reasons. Firstly these two functionals are only correct if the electron 
density is constant throughout space which is clearly not the case in an actual atom 
or ion. Secondly the functionals (35) and (36) are only exact not only if the electron 
density is constant but also only if the system is infinite in extent. In particular for a 
system containing a finite rather than an infinite number of electrons, the exchange 
functional (36) is too large in magnitude because it includes a spurious self exchange 
contribution [78,79]. 

One can attempt to rectify the erorrs arising from using the functionals for a 
uniform electron gas by trying to express each of the unknown exact funtionals as a 
Taylor series expansion in the local electron density. This procedure introduces into 
(35) and (36) additional terms which involve the gradients of the density e(r) [84-861. 
However the results calculated by introducing into the original Gordon and Kim 
method [8] the leading gradient correction to the kinetic energy functional are seen 
(sixth column of interaction energies in Table 10) to be in even greater disagreement 
with the exact results (the RIP predictions in Table 10) than those derived without 
introducing this correction. Furthermore introduction of this gradient correction to 
one of the two most satisfactory modifications of density functional theory, namely 
that due to Lloyd and Pugh [56] discussed below, completely destroys (see third 
column of interaction energies in Table 10) the fair agreement (Table 10 second 
column of interaction energies) between the exact results and the predictions of this 
method before the introduction of the gradient correction. It has been shown in a 
more extensive study of gradient corrections described in [85] that these shortcomings 
could not be rectified either by considering further terms in the gradient expansion of 
the kinetic energy functional or by introducing gradient corrections into the exchange 
functional. It was further shown that these difficulties arose because the gradient 
expansion is only convergent in regions of space where both the conditions (37) 
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INTER-IONIC POTENTIALS 69 

Table 10 Comparison of inter-atomic potentials computed using different variants of density functional 
theory with predictions of the RIP programme"' 

Atani'-" R RIP predictions of density ,functional theory"' 
(e.xacl)'3' Lloyd and Pugh"' M WG6'  unmodiJied'7' 

no grad grad nograd nograd grad 

Ne 3.0 0.1043 0. I256 0.0642 0. I 178 0.0939 0.0325 

Ar 3.0 0.9634 0.5871 0.4576 0.5612 0.41 15 0.2820 
Ar 4.0 0.1589 0.1320 0.0740 0. I 169 0,0824 0.0244 
Ar 5.0 00252 0.0260 0.0027 0.0206 0.0131 - 0.0201 

"'All energies in atomic units computed taking the wavefunction for the interacting pair to be an 
anti-symmetrized product of the non-relativistic Hartree-Fock wavefunctions of the isolated atonis. 
Electron correlation is not considered. R is inter-atomic distance in a.u. 
'?'Calculated interaction energies for a homonuclear pair of the indicated atoms. 
'?'From Wood and Pyper [83], interaction energy which is exact for the given wavefunction. 
'"no grad denotes use of the kinetic energy functional (35) without introducing gradient corrections. grad 
denotes computed with the addition of the gradient corrections to this functional. grad results derived by 
adding the gradients corrections computed by Shih [84] to the no grad results. These corrections obtained 
as the differences between the grad and non grad results of Shih [84]. 
'5'Lloyd and Pugh variant [56], results from Wood and Pyper [83]. 
'"MWG is Modified Waldman-Gordon variant [80]. Uses the values of the kinetic and exchange correction 
factors Fke and F' derived for Ne. 
'"Unmodified density functional method [8] with correction factors Fk' and F" set to unity, results from 
Wood and Pyper [83]. 

Ne 4.0 0.0089 0.0128 -0.0042 0.0107 0.0076 -0.0094 

involving the ratio of the modulus (IVe(r)l) of the gradient of the density to a certain 
function of the density are satisfied. 

Ive(r)l[e(r)(3n2e(r))1131 < 1 (374 

Ivivje(r)I/[Ive(r>I (3n2e(r))"'I < 1 (37b) 

It was shown [85] that these conditions are violated for a very large fraction of the 
outer spatial regions in an atom which are the very regions which make the over- 
whelming contributions to the density functional predictions (33) of the interaction 
energy. This explains the unsatisfactory results obtained when the gradient expan- 
sions of the functionals (35) and (36) are applied in all the spatial regions contributing 
to the integrals in (33). A modified variant of the gradient expansion was therefore 
proposed [85] in which the gradient terms are introduced only in those spatial regions 
where the conditions (37) are satisfied. However it was tested for only two systems, 
namely for the interaction of two helium atoms and for that of two neon atoms. 
Although it eliminated the unsatisfactory features of previous interaction energy 
calculations using gradient expansions, the results were little different from those 
generated by the two most reliable variants of density functional theory, the LP and 
MWG approaches discussed below, in which gradient terms are not introduced. Both 
these two variants give a good account of these two systems. It would be most 
interesting to apply the modified gradient expansion method [85] to that system, 
namely AgF, for which even these two variants of density functional theory fail [4,83]. 
The violation of the conditions (37) with the consequent inability to apply gradient 
expansions in those outer atomic spatial regions making the largest contribution to 
the interaction energy might well prevent this approach from rectifying the deficien- 
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70 N.  C.  PYPER 

cies shown by density functional theory for this system. It is also of interest that the 
gradient expansion approach [85] has not been used in the latest work [74,75] on ionic 
solids to employ density functional theory, the older Waldman-Gordon variant 
180,811 discussed in section 4.3 being retained in this later work. Here gradient 
corrections will not be further considered not only because one can anticipate pro- 
blems caused by the inability to use them where the conditions (37) are violated but 
also because they have not so far been applied to ionic solids. 

Currently there are two different modifications of the original Gordon-Kim method 
[8] that are to be preferred over other variants. The kinetic and exchange functionals 
(35) and (36) appropriate to a uniform electron gas are the basis for both of these, the 
two variants being distinguished through the choice of the correction factors Fk' and 
F". 

4.2 

The first two variants of density functional theory which appear to be preferrable to 
other approaches is that (LP) due to Lloyd and Pugh [56]. In this method, which is 
a slight modification of that introduced by Rae [78,79], the kinetic energy functional 
is used unmodified so that Fke is taken to be unity. The LP variant is distinguished 
by taking the exchange correction factor F'" to equal the parameter y(N,) where N, 
is the sum of the numbers of outermost electrons on the two interacting species. The 
parameter is obtained [78,79] by rederiving the exchange energy of a uniform 
electron gas explicitly eliminating the self exchange of the number N, of electrons that 
are considered to contribute significantly to the exchange component of the interac- 
tion energy V ~ , , ( x Y Y R ) .  The elimination of the spurious self-exchange reduces the 
magnitude of the exchange contribution V ~ ; . ( . K , ~ , R )  predicted by the original method 
183 so that the parameter y(N,) is less than unity. This parameter decreases as A(, 
decreases becoming zero for N, = 2 and tending to unity in the limit of infinite N,. 

The LP variant is distinguished from other variants in which F'" is taken to equal 
y(N,) by the particular choice made for N,. There is more than one variant using a Rae 
style (F" = y(N,)) exchange correction factor because N, can be taken to be either, 
as originally suggested [78], the total number or, as later suggested [56], the number 
of outermost electrons on both atoms. There are four such variants [82] because, since 
the same y(N,) has to be used for both the interacting system of two atoms as well as 
for the separated atoms, the question arose as to whether N, should be calculated from 
the number of electrons on both [78] or, as argued subsequently 1791, from the number 
on just one atom. This question has been considered [82,83] and it was concluded that 
N, should be taken to be the number of outermost electrons on both atoms, the 
recommendation of Lloyd and Pugh [56]. This conclusion was reached both by 
comparing the density functional predictions of the binding energies and equilibrium 
interatomic separations of the inert gas dimers with experiment [82] and by comparing 
the density functional predictions of the uncorrelated interactions with their RIP 
counterparts [83]. The Lloyd and Pugh [56] prescription for selecting N, is also 
supported by purely theoretical arguments. Thus it is clearly dubious to include the 
inner electrons in the calculation of N, because such electrons do not contribute to the 
interaction beyond screening the appropriate number of units of nuclear charge. In 
particular it  has been shown [56,82] that the inner electrons do not contribute to the 
exchange interaction energy V&(x,,R) so that it is illogical to correct this with a 
*t(N,) calculated from a value of N, which includes these inner electrons. The choice 

The LlojJd And Pugh Variant 
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INTER-IONIC POTENTIALS 71 

for N, of the number of outermost electrons on just one atom has the very curious 
consequence that V&(x,R) is predicted to vanish for the interaction of two helium 
atoms because y(2) is zero [83]. Since there must be an exchange contribution to the 
energy of interaction of two helium atoms, the vanishing of this quantity when N, is 
chosen to be the number of outer electrons on just one atom provides further strong 
evidence that this choice for N, is not satisfactory. 

The results presented in the second column of interaction energies in Table 10 show 
that the LP modification largely removes the significant discrepancies between the 
predictions of the original method [8] and the RIP calculations. These results are 
typical of those found [83] for pairs of rare gas atoms in that the LP method 
reproduces the RIP results quite well at intermediate distances but, for the heavier 
systems, underestimates the repulsion at shorter distances. 

4.3 The Modijied Waldman-Gordon Variant 

The only other variant of density functional theory of comparable reliability to the 
LP approach is a modification of that due to Waldman and Gordon [80,81]. In the 
Waldman-Gordon (WG) modification both the kinetic and exchange contributions to 
the interaction energy are scaled by factors Fke and F'" which are derived from a 
Hartree-Fock calculation for one neutral atom having the same number of electrons 
as the total number on both the interacting species. The factors Fk' and Fex are taken 
to equal the ratio of the total kinetic or exchange energy computed from atomic 
Hartree-Fock theory to the corresponding total energy that is predicted when the 
same Hartree-Fock electron density function is used as input to the functionals (35) 
and (36) appropriate to an infinite uniform electron gas where Fk' = Fr = 1. Since 
the exchange correction factors are found to be less than unity [80] and to decrease 
as the number of electrons decreases, it would appear that their physical origins are 
at least partially the same as those of the Rae style (F'" = y(N,)) correction factors 
introduced to eliminate spurious self-exchange contributions. The kinetic energy 
correction factors Fk' are found [80] to be slightly greater than one, being 1.125 for 
the interaction of two Helium atoms, and to decrease towards unity as the number 
of electrons increases. 

The Waldman-Gordon method would appear to be highly reasonable for systems 
in which all the electrons are in outer shells. Such systems naturally have only a small 
number of electrons in total. However the WG method for deriving correction factors 
is objectionable for systems having a large number of core electrons because these 
contribute only negligibly to the interaction energy whilst making the overwhelming 
contributions to the total atom energies used to derived Fk' and F". Indeed for heavy 
atoms both Fk' and F" are close to unity because for the inner core orbitals, which 
are the dominant contributors to the total atom energies, the difference between the 
Hartree-Fock and density functional predictions of the kinetic (exchange) energy is 
only a very small fraction of the total kinetic (exchange) energy. The prediction of 
correction factors Fk' and F" close to unity causes the interaction energies computed 
using them to differ only very slightly from those calculated using the original 
Gordon-Kim method [S] which is now known to seriously underestimate the repul- 
sion. This explains why the properties of several crystals containing ions of inter- 
mediate nuclear charge appeared to be satisfactorily predicted by the WG method [87] 
even though free ion wavefunctions were used and the inter-ionic dispersive attrac- 
tions were entirely neglected. The underestimation of the short range repulsion by the 
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12 N. C. PYPER 

original Gordon-Kim method [8] to which the WG variant reduces when Fk' and F" 
approach unity clearly cancelled the errors introduced by using free ion wavefunctions 
and neglecting the dispersion. The WG correction factors for ions of low nuclear 
charge do not suffer from the deficiency of reducing to unity on account of the large 
numbers and high binding energies of the core electrons. This is certainly one of the 
factors which explains why the later results of Gordon and coworkers [19,74,88] are 
more satisfactory. Since no crystals containing ions of high nuclear charge were 
considered not only were the WG correction factors more reasonable but also the 
neglected dispersive attractions would not be so large. Furthermore the modifications 
of the ion wavefunctions caused by the crystalline environment were considered. 

It has just been shown that the original WG approach [80] is not satisfactory for 
heavy ions because these have tightly bound cores containing many electrons. How- 
ever for light ions these drawbacks of the original WG method are absent. This 
suggests that the Waldman-Gordon method would be satisfactory if modified by 
deriving the correction factors from the atom having the same number of electrons 
as just the total number of outermost electrons on the two interacting species. It is this 
modification, to be called the modified Waldman-Gordon (MWG) variant that was 
used in all the calculations labelled WG in [4] as well as in all those discussed in this 
talk. The results presented in the fourth column of interaction energies in Table 10 
show that the MWG approach performs as well as the LP variant in considerably 
reducing the discrepancies between the RIP results and the predictions of the original 
density functional method [8]. 

4.4 Anion-Anion Interactions 

There has been much interest in computing the inter-ionic potentials governing the 
interaction of an anion with its closest anion neighbours because these quantities 
cannot be readily extracted from empirical fits to experimentally determined crystal 
properties [4,72]. The uncorrelated parts V,!",, ( x A A  R )  of these interactions have been 
computed using density functional theory [ 10,19,72-75,87,88] non-relativistic ab- 
initio quantum chemistry methods [89,90] and the RIP programme [4]. The non-rela- 
tivistic quantum chemistry calculations, whose reliabifi ty has been reviewed elsewhere 
[5 ] ,  will not be considered here since the present objective is to examine the reliability 
of density functional theory by comparing its predictions with those generated using 
the RIP programme. 

Density functional theory has been used quite extensively to compute the uncor- 
related halide-halide interactions. Although free ion wavefunctions were used in the 
earliest of such work, [72,87], the influence of the environment was considered in later 
studies [19,88]. I t  is interesting to realize that the modifications of the ion wavefunc- 
tions caused by the crystalline environment will vary significantly from crystal to 
crystal if the differences between the free and in-crystal wavefunctions are appreciable. 
In this event, these variations of the in-crystal anion wavefunctions will be propogated 
into the computed halide-halide potentials ~ x x ( x x x R )  with the consequence that 
there no longer exists one unique potential VsOxx(xxxR) for each halide ion X ,  this 
potential being different in each crystal. In the model (19) for the environmental 
potential acting on an anion electron, the differences in the halide ion wavefunctions 
between one crystal and another arise through changes in the constants and 4. 
For different crystals having the same structure, the constant #en,,A remains unchanged 
so that for the same value of R the differences in the halide ion wavefunctions arise 
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INTER-IONIC POTENTIALS 73 

from the changes in the parameter R,. Since numerically R, is equal to the radius of 
the counter cation, the halide wavefunctions for a given value of R become increasing- 
ly compressed by the environment as the size of the cation increases. The short range 
interactions predicted using density functional theory depend directly on the existence 
of spatial regions in which the electron densities of both the interacting ions are 
simultaneously non-zero. Hence for a fixed value of R and a given crystal structure 
one expects the uncorrelated short range halide-halide interactions predicted using 
density functional theory to become increasingly repulsive as the size of the cation 
decreases. This is illustrated by the computations reported in Table 1 1  for the 
interaction of two fluoride ions separated by a distance 4J2 a.u. in crystals having the 
NaCl structure and a fixed R of 4.0 a.u.. Thus the size of the fluoride ion at this fixed 
F- ..F- separation of 442 a.u. decreases on passing from the free anion through that 
in LiF and NaF to the most compact in AgF since the size of the cations increases 
on traversing this series. Consequently both the LP and MWG variants of density 
functional theory predict these repulsions to decrease along this sequence. 

The RIP programme can be used to compute the uncorrelated short range halide- 
halide interactions once wavefunctions suitably adapted to the crystalline environ- 
ment have been generated. The resulting potentials have been presented in detail in 
Appendix 5 of [4] where they are compared with those predicted using the LP and 
MWG variants of density functional theory. The RIP calculations of the uncorrelated 
short range F- ..F- interactions presented in Table 11 show how for a fixed R of 
4.0 a.u. the differences in the fluoride ion wavefunctions really do affect these poten- 
tials. The results show that this potential increases from being attractive for two free 
F- ions to become increasingly repulsive as the size of the counter cation increases. 
Since the RIP calculations are exact once the ion wavefunctions are given, the 
differences between the RIP results and the predictions of density functional theory 
uncover the limitations of the latter approach since, for a given cation, the same 
fluoride ion wavefunction is input to both the density functional and the RIP calcula- 
tions. The LP and MWG variants of the density functional method both fail to 
reproduce the attraction between two free F- ions and fail to reproduce the increase 
of the repulsion as the anions become more contracted. The electron density distribu- 
tion of an anion is comparatively diffuse so that it is plausible to attribute the increase 
of the repulsion to the electron density distribution becoming more compact and in 
some sense ‘harder’, this increasing compactification more than offsetting the decrease 
of the orbital overlaps. The density functional method naturally can take into account 

Table 11 Comparison of uncorrelated F- . .F- interactions for R = 4.0a.u.“’ 

Method” F- ion wavef~nction‘~’ 
free in LiF in NaF In AgF 

Dens funct LP 0.00395 0.00272 0.00218 0.00199 
V9,A (4J2) Dens funct MWG 0.00228 0.00161 0.00128 0.001 16 

RIP (exact)(4) -0.00014 0.00095 0.001 18 0.00127 

“’From [4]; all energies in a.u. 
‘2’Dens funct LP and Dens funct MWG denote the Lloyd and Pugh 1561 and modified Waldman-Gordon 
variants of density functional theory. 
“IF- ion wavefunctions computed using the model (19) to describe the influence of the crystalline 
environment on the anion electrons. 
‘‘’Unc~rrelated short range potential which is exact for the F- ion wavefunctions used. 
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Figure 8 Comparison of the RIP and Lloyd and Pugh (LP) and modified Waldman-Gordon (MWG) 
density functional predictions of the uncorrelated short range interaction within the closest pairs of oxide 
ions in MgO. 

only the latter factor. For cation-anion interactions, however, the contraction of the 
anion decreases the uncorrelated short range repulsion as illustrated by the results 
presented in Table 4 and discussed in section 2.2(ii). 

( J 2 R )  between the closest pairs of 
oxide ions in MgO have been computed [4] using both LP and MWG variants of 
density functional theory. The two resulting potentials are compared in Figure 8 with 
the predictions [4] derived using the RIP programme. The same set of oxide ion 
wavefunctions was used in all three computations so that the discrepancies between 
the density functional and RIP results display the shortcomings of the former. Both 
variants of density functional theory not only overestimate the repulsion for 
R < 4.25 a.u. but also fail to reproduce the small attractive tail occuring at  larger R. 
These discrepancies are of more than purely academic interest because the values of 
2878 kJ mole-' and 2936 kJ mole-' for the MgO lattice energy predicted from (14) 
using these two variants of density functional theory to compute V:o--.,-- (J2R) but 
retaining the RIP V:Mg++-O-- (R) should be compared [4] with the experimental result 
of 3038 kJ mole-'. The lattice energy of 3020 kJ mole-' predicted [4] from the full RIP 
calculation is in considerably better agreement with experiment. The full RIP calcula- 
tion differs from the above two density functional ones solely in using the RIP rather 
than the density functional predictions of the 0- - ..O-- uncorrelated short range 
interaction. 

The uncorrelated short range interactions 

4.5 

The calculations just described demonstrated that even the two most reliable variants 
of density functional theory failed to reveal some of the subtle details of the anion- 

Comparison Of Density Functional and RIP Predictions Of Crystal Cohesion 
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anion interactions. The significance of the inaccuracies in the density functional 
results for all three uncorrelated short range potentials V$A (R), P‘$,(x,,R) and 
Vs”,, (xAA R) can be elucidated by comparing the crystal properties predicted from 
these potentials with those derived by the method which differs solely in using 
uncorrelated short range interactions computed using the RIP programme. It is thus 
necessary to use the same ion wavefunctions as input to both the density functional 
and RIP calculations and to include in both the short range correlation energy in the 
usual density functional approximation [8] as well as the damped dispersion energy 
(26)-(28). There is, in principle, an inconsistency with the density functional calcula- 
tions in using the non-relativistic functionals (35) and (36) if relativistic ion wavefunc- 
tions are used. However it has been shown [42] that substitution of the relativistic 
kinetic energy functional for the non-relativistic one (35) scarcely changed the predict- 
ed inter-atomic potential even for the interaction of two Hg atoms. This result is not 
inconsistent with the finding, discussed in section 1.2, that the direct relativistic effect 
significantly modifies the behaviour of valence s electrons in such heavy elements. 
Although the motion of such electrons is quite relativistic in the inner spatial regions, 
these electrons will have low momenta in the outer spatial regions which yield the 
dominant contributions to the density functional predictions (33) of the interaction 
energy. Hence, provided that the correct relativistic electron densities are employed, 
the use of non-relativistic rather than relativistic functionals only minimally affects the 
density functional predictions which are thus suitable for comparison with fully 
relativistic RIP calculations. 

For all six ionic crystals examined in the study [4], the predictions of both the LP 
and MWG variants of density functional theory were compared with the correspond- 
ing ones derived using the RIP programme. The conclusions which emerged from this 
study are illustrated by the typical results that are assembled in Table 12. Even for the 
systems for which the density functional approach works quite well, it is seen not only 
that the predictions of both the LP and MWG methods differ significantly from those 
derived using the RIP programme but also that the RIP results agree significantly 
better with experiment. Even for a system such as LiF, the results in Table 12 flatter 
density functional theory in that the agreement with experiment of both the LP and 
MWG calculations arises at least partially through cancellation of errors. Thus 
examination of the uncorrelated short range potentials presented in Appendix 5 of [4] 
shows that both these density functional approaches underestimate the Li+ ..F- short 
range repulsion whilst overestimating that within the closest pairs of F- ions. Similar 
cancellations of errors in both the LP and MWG methods have been uncovered for 
other systems [4]. In particular the results presented in Appendix 5 of [4] show that 
the uncorrelated short range interaction between two Pb+ + ions is predicted very 
poorly by density functional theory as is that between two Ag+ ions. Thus the LP 
method underestimates the uncorrelated short range Pb+ + ..Pb+ + repulsion by a 
factor of two whilst underestimating that between two Ag+ ions by a factor of four. 
The MWG variant predicts even less repulsion than the LP method. Perhaps the most 
striking conclusion to emerge from Table 12 is that both the LP and MWG methods 
fail completely for AgF. This failure occurs because the uncorrelated short range Ag+ 
. .F- repulsion is seriously overestimated for the reasons which have been described 
elsewhere [83]. 

The data assembled in Tables 11 and 12 is sufficient for the current status of density 
functional theory to be assessed. It is now quite clear that Gordon and Kim’s [8] 
implementation of density functional theory is not satisfactory in the form originally 
presented in that paper. Furthermore nothing very useful has so far emerged by 
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considering expansions in the gradients of the electron density. It would appear that 
only the Lloyd and Pugh [56] and Modified Waldmann-Gordon variants of density 
functional theory are currently worthy of consideration. The comparison (Table 12) 
of RIP and density functional predictions of crystal properties as well as the discus- 
sion of the uncorrelated short range anion-anion potentials presented in the last 
section all show that appreciable errors can be introduced by using density functional 
theory even in its two best variants. Even for a potential V ~ x , ( x , y R )  well predicted 
by density functional theory, it is interesting to realize that the individual kinetic 
( V$y(xxyR))  and exchange ( V ~ y ( x x , R ) )  components calculated using either the LP or 
MWG variants are often an order of magnitude smaller than their exact counterparts 
computed using the RIP programme [83] as is the case for the interaction of two 
Radon atoms separated by 6.0 a.u.. However the magnitudes of these discrepancies 
depend on both the interacting species as well as on their separation. Thus for the Na+ 
..F- interaction derived using the environmental models (19) and (21) to compute the 
wavefunctions, the true kinetic energy contributions to the interaction energies at 
R = 3.0a.u. and 4.5 a.u. of 0.841 a.u. and 0.0537a.u. are greater than the density 
functional predictions of 0.1862 a.u. and 0.0 107 a.u. by factors of 4.5 and 5.0 respec- 
tively. The significance and implications of these results are not at present clear but 
in view of the size of the discrepancies it is not unreasonable to expect that useful 
insights might be gleaned from further study of this matter. It can be concluded that 
one should avoid using density functional theory to compute the uncorrelated short 
range repulsions if a more accurate method, such as for example computation with 
the RIP programme, is available. 

5.  CONCLUSION 

The aim of this talk has been to discuss four different factors which need to be 
considered in non-empirical studies of the properties of ionic solids. Since it is not 
the aim here to give a comprehensive review of such calculations, the references have 
been given as an aid for the reader to find further details and not as part of a historical 
survey. Hence I offer no apologies for omitting references to earlier and more 
fundamental pieces of work if a later but less original paper presents the same results 
more clearly. Any such omissions will be made good in the review [5]. 

It has been described how relativity modifies the properties of ions of high nuclear 
charge and how these modifications are reflected in the inter-ionic potentials. It has 
been shown that these effects are appreciable for ions having nuclear charges greater 
than those in the third series of transition elements for which perturbation treatments 
of relativity are inadequate. The relativistic effects in such systems are too large to 
ignore in calculations aiming to achieve a high precision. 

The mechanisms through which the crystalline environment influences the electron- 
ic properties of ions, such as the polarizability, and hence the inter-ionic potentials 
have been described. Calculations using a simple yet physically realistic model for the 
crystalline environment showed that the environmentally induced modifications of 
the ion wavefunctions are too large to be ignored in calculations aiming for high 
precision. 

The physical origins of the inter-ionic dispersive attractions have been outlined. It 
was pointed out that the most familiar form for such an attraction, the undamped 
dispersion energy in which the dipole-dipole interaction - C , ( U ~ ) ( X , , R ) - ~  appears as 
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the leading term, is only valid if the overlap of the wavefunctions of the interacting 
pair of ions is negligible. The results of an approximate but physically realistic theory 
for the damping of the dispersion energy when these overlaps are appreciable demon- 
strated that such damping is too large to be ignored. The importance of using reliable 
values for the dispersion coefficients, particularly the C,(XY) coefficients, was stressed 
and a procedure for deriving trustworthy C,(XY) values presented. A cautionary note 
was sounded concerning many of the values previously reported in the literature. 

The reliability of different variants of the density functional method for computing 
inter-ionic potentials has been discussed and it was shown that even the two most 
reliable variants, namely the Lloyd and Pugh (LP) and Modified Waldman-Gordon 
(MWG) methods, have weaknesses about which it would be foolhardy to remain in 
ignorance. Thus the density functional predictions of the closest cation-cation and 
closest anion-anion interactions can be so poor that they bear little relation to the 
actual potentials for these ion pairs. The density functional predictions of the proper- 
ties of many crystals do not suffer from similar failures provided that this gives a 
reasonable account of the closest cation-anion interaction. However even in this event 
non-negligible errors are introduced by substituting density functional predictions of 
the uncorrelated short range potentials for their RIP counterparts which are exact 
once the ion wavefunctions have been specified. For some systems, such as AgF, any 
variant of density functional theory currently available fails badly. 

The four factors described in this talk will need to be considered in all future work 
on ionic crystals even though improvements will doubtless be made in the approxima- 
tions described here. 
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